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Abstract
Let G be a group. The intersection graph of subgroups of G, denoted by I (G), is
a graph with all the proper subgroups of G as its vertices and two distinct vertices in
I (G) are adjacent if and only if the corresponding subgroups having a non-trivial
intersection in G. In this paper, we classify the finite groups whose intersection
graph of subgroups are toroidal or projective-planar. In addition, we classify the
finite groups whose intersection graph of subgroups are one of bipartite, complete
bipartite, tree, star graph, unicyclic, acyclic, cycle, path or totally disconnected.
Also we classify the finite groups whose intersection graph of subgroups does not
contain one of K5, K4, C5, C4, P4, P3, P2, K1,3, K2,3 or K1,4 as a subgraph. We
estimate the girth of the intersection graph of subgroups of finite groups. Moreover,
we characterize some finite groups by using their intersection graphs. Finally, we
obtain the clique cover number of the intersection graph of subgroups of groups
and show that intersection graph of subgroups of groups are weakly α-perfect.
Keywords: Intersection graph, finite groups, genus, toroidal graph, nonorientable
genus, projective-planar graph.
2010 Mathematics Subject Classification: 05C25, 05C10, 05E15, 20E99.
1 Introduction
Let F = {Si | i ∈ I} be an arbitrary family of sets. The intersection graph of F is a
graph having the elements of F an its vertices and two vertices Si and Sj are adjacent if
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and only if i 6= j and Si ∩ Sj 6= {∅}. For the properties of these graphs and some special
class of intersection graphs, we refer the reader to [20]. In the past fifty years, it has
been an interesting topic for mathematicians, when the members of F have some specific
algebraic structures. Especially, they investigate on the interplay between the algebraic
properties of algebraic structures, and the graph theoretic properties of their intersection
graphs. In this direction, in 1964 Bosak [7] initiated the study of the intersection graphs of
semigroups. Later, Csa´ka´ny and Polla´k [12] defined the intersection graph of subgroups
of a finite group.
Let G be a group. The intersection graph of subgroups of G, denoted by I (G), is a
graph with all the proper subgroups of G as its vertices and two distinct vertices in I (G)
are adjacent if and only if the corresponding subgroups have a non-trivial intersection in
G.
In [31] Zelinka made some investigations on the intersection graphs of subgroups of
finite abelian groups. Motivated by these, many authors have defined, and studied the
intersecting graphs on several algebraic structures, viz., rings, vector spaces, modules, and
contributed interesting results. See, for instance [1, 2, 3, 9, 18, 23, 30] and the references
therein.
Embeddability of graphs, associated with algebraic structures, on topological surfaces
is considered in several recent papers [10, 24, 25, 26]. Planarity of intersection graphs
of subgroups finite groups were studied by Selc¸uk Kayacan et al. in [22], and by H.
Ahmedi et al. in [15]. Planarity of intersection graphs of ideals of rings, and submodules
of modules were studied in [16, 30].
A natural question arise in this direction is the following: Which groups have their
intersection graph of subgroups is of genus one, that is toroidal, or of nonorientable genus
one, that is projective-planar ?. In this paper, we answer this question in the case of
finite groups by classifying the finite groups whose intersection graph of subgroups is
toroidal or projective-planar (see Theorem 5.1 in Section 5 below). As a consequence
of this research, we also classify finite groups whose intersection graph of subgroups is
in some class of graphs (see Theorem 5.2 and Corollary 5.1 in Section 5 below) and
characterize some finite groups by using their intersection graphs (see Corollary 5.2 in
Section 5 below), which are some of the main applications of these results for the group
theory. Also we estimate the grith of the intersection graph of finite groups. Finally, we
obtain the clique covering number of the intersection graph of subgroups of groups and
show that intersection graph of subgroups of groups are weakly α-perfect.
2 Preliminaries and notations
In this section, we first recall some notation, and results in graph theory, which are used
later in the subsequent sections. We use standard basic graph theory terminology and
notation (e.g., see [29]). Let G be a simple graph with a vertex set V and an edge set
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E. G is said to be bipartite if V can be partitioned into two subsets V1 and V2 such that
every edge of G joins a vertex of V1 to a vertex of V2. Then (V1, V2) is called a bipartition
of G. Moreover, if every vertex of V1 is adjacent to every vertex of V2, then G is called
complete bipartite and is denoted by Km,n, where |V1| = m, |V2| = n. In particular, K1,n
is a star graph. G is said to be complete if each pair of distinct vertices in G are adjacent.
The complete graph on n vertices is denoted by Kn. G is said to be totally disconnected
if its edge set is empty. A path connecting two vertices u and v in G is a finite sequence
(u =)v0, v1, . . . , vn(= v) of distinct vertices (except, possibly, u and v) such that ui is
adjacent to ui+1 for all i = 0, 1, . . . , n − 1. A path is a cycle if u = v. The length of a
path or a cycle is the number of edges in it. A path or a cycle of length n is denoted by
Pn or Cn, respectively. A graph is unicyclic if it has exactly one cycle, and is acyclic if it
has no cycles. The girth of a graph G, denoted by girth(G), is the length of the shortest
cycle in G, if it exist; otherwise girth(G) =∞.
We define a graph G to be X-free if G has no subgraph isomorphic to a given graph
X . An independent set of a graph G is a subset of the vertices of G such that no two
vertices in the subset are adjacent. The independence number of G, denoted by α(G), is
the cardinality of a maximum independent set of G. A clique of a graph G is a complete
subgraph of G. The clique cover number of G, denoted by θ(G), is the minimum number
of cliques in G which cover all the vertices of G (not necessarily all the edges of G). G
said to be weakly α-perfect if α(G) = θ(G). For two graphs G and H , G ∪ H denotes
disjoint union of G and H , G+H denotes a graph with the vertex set consist of vertices
of G and H and edge set having all the lines joining vertices of G to vertices of H . G
denotes the complement of a graph G, and, for an integer n ≥ 1, nG denotes the graph
having q disjoint copies of G.
Let Sn denote the surface obtained from the sphere by attaching n handles. A graph
is said to be embeddable on a topological surface if it can be drawn on the surface such
that no two edges cross. The (orientable) genus of a graph G, denoted by γ(G), is the
smallest non-negative integer n such that G can be embedded on Sn. G is planar if
γ(G) = 0 and toroidal if γ(G) = 1. A crosscap is a circle (on the surface) such that all its
pairs of opposite points are identified, and the interior of this circuit is removed. Let Nk
denote the sphere with k added crosscaps. For non-orientable topological surfaces (e.g.,
the projective plane, Klein bottle, etc.), the nonorientable genus of G is the smallest
integer k such that G can be embedded on Nk, and it is denoted by γ(G). N1 is the
projective plane. Respectively, a graph G is projective-planar if γ(G) = 1.
A topological obstruction for a surface is a graph G of minimum vertex degree at least
three such that G does not embed on the surface, but G− e is embeddable on the surface
for every edge e of G. A minor-order obstruction G is a topological obstruction with the
additional property that, for each edge e of G, G with the edge e contracted embeds on
the surface.
The following results are used in the subsequent sections.
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Theorem 2.1. ([29, Theorems 6.37, 6.38 and 11.19, 11.23])
(1) γ(Kn) =
⌈
(n− 3)(n− 4)
12
⌉
, n ≥ 3;
γ(Km,n) =
⌈
(m− 2)(n− 2)
4
⌉
, m, n ≥ 2.
(2) γ(Kn) =


⌈
(n− 3)(n− 4)
6
⌉
, if n ≥ 3, n 6= 7;
3, if n = 7;
γ(Km,n) =
⌈
(m− 2)(n− 2)
2
⌉
, m, n ≥ 2.
By Theorem 2.1, one can see that γ(Kn) > 1 for n ≥ 8, γ(Kn) > 1 for n ≥ 7,
γ(Km,n) > 1 if either m ≥ 4, n ≥ 5 or m ≥ 3, n ≥ 7, and γ(Km,n) > 1 if either m ≥ 3,
n ≥ 5 or m = n = 4. Neufeld and Myrvold [21] have shown the following.
Theorem 2.2. ([21, Figure 4, p. 578]) There are exactly three eight-vertex obstructions
A1,A2,A3 for the torus, each of them being topological and minor-order (see Figure 1).
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Figure 1: The eight vertex obstructions for the torus.
Note that the graph A1 in Figure 1 has K3,5 as a subgraph, so it follows that if a graph
G has A1 as a subgraph, then γ(G) > 1 and γ(G) > 1. In this paper, we repeatedly use
this fact.
Gagarin et al. [4] have found all the toroidal obstructions for the graphs containing
no subdivisions of K3,3 as a subgraph. These graphs coincide with the graphs containing
no K3,3-minors and are called with no K3,3’s.
Theorem 2.3. ([4, Theorem 3, p. 3628]) There are exactly four minor-order obstructions
with no K3,3’s for the torus, precisely, B1,B2,B3,B4 shown in Figure 2 as a minor.
Notice that all the obstructions in Theorems 2.2 and 2.3 are obstructions for toroidal
graphs in general, which are very numerous (e.g., see [4]).
In [9], Chakarabarthy et al. proved the following results on the intersection graph of
ideals of the ring Zn.
Intersection graph of subgroups 5
b
b b
b b
b
b b
b b
b
b b
b b
b
b b
b b
b
b b
b b
b
b
b
b
b
b
b
b
b
b
b
b b
b
b
B1 B2 B3 B4
Figure 2: The minor-order obstructions with no K3,3’s for the torus.
Theorem 2.4. ([9]) Let p, q, r be distinct primes. Then
(1) I (Zn) is planar if and only if n is one of p
α(α = 2, 3, 4, 5), pαq(α = 1, 2), or pqr.
(2) I (Zn) is K5-free if and only if it is planar.
(3) I (Zn) is bipartite if and only if n is either p
3 or pq.
(4) I (Zn) is C3-free if and only if n is either p
α (α = 2, 3) or pq.
In [22] Selc¸uk Kayacan et al. have classified all the finite groups whose intersection
graphs of subgroups are planar.
Theorem 2.5. ([22]) Let G be a finite group and p, q, r be distinct primes. Then I (G)
is planar if and only if G is one of the following groups:
(1) Zpα(α = 2, 3, 4, 5), Zpαq(α = 1, 2), Zpqr, Zp × Zp, Z4 × Z2, Z6 × Z2;
(2) Q8, M8, Zq ⋊ Zp, Zq ⋊2 Zp2, A4;
(3) G1 ∼= 〈a, b, c | a
p = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has
order q in GL2(p), where q | (p+ 1);
(4) G2 ∼= 〈a, b, c | a
p = bp = cq
2
= 1, ab = ba, cac−1 = b−1, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has
order q2 in GL2(p), where q
2 | (p+ 1);
(5) G3 ∼= 〈a, b, c | a
p = bq = cr = 1, b−1ab = aµ, c−1ac = av, bc = cb〉, q, r are divisors of
(p− 1), v, µ 6= 1.
The intersection graph of subgroups of the groups listed in Theorem 2.5, are given
below for use in the subsequent sections.
I (Zpα) ∼= Kα−1, α = 2, 3, 4, 5. (2.1)
I (Zpq) ∼= K2. (2.2)
I (Zp2q) ∼= K1 + (K2 ∪K1). (2.3)
I (Zp × Zp) ∼= Kp+1. (2.4)
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I (Z4 × Z2) ∼= K1 + (K4 ∪K2). (2.5)
I (Q8) ∼= K4. (2.6)
I (Zq ⋊ Zp) ∼= Kq+1 (2.7)
I (Zq ⋊2 Zp2) ∼= K1 + (K1 ∪ qK2), (2.8)
Γ(G1) ∼= K1,p+1 ∪Kp2. (2.9)
I (A4) ∼= K1,3 ∪K4. (2.10)
I (G2) ∼= K1 + (K1,p+1 ∪ p
2K2). (2.11)
We summarize some of the results of group theory which we use in forthcoming sections.
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Figure 3: (a) I (Zpqr), (b) I (Z6 × Z2), (c) I (M8), (d) I (G3).
Theorem 2.6. (i) ([8, Theorem IV, p.129]) If G is a p-group of order pn, then the
number of subgroups of order ps, 1 ≤ s ≤ n is congruent to 1 (mod p).
(ii) ([27, Proposition 1.3]) If G is a p-group of order pn and it has a unique subgroup
of order ps, 1 < s ≤ n, then G is cyclic or s = 1 and p = 2, G ∼= Q2α.
(iii) ([8, Corollary IV, p. 53]) If G has a normal subgroup H of order mn, where m and
n are relatively prime and N is a normal subgroup of H of order n, then N is also
normal in G.
3 Finite abelian groups
In this section, first we classify the finite abelian groups whose intersection graphs of
subgroups are toroidal or projective-planar, and next we classify the finite non-cyclic
abelian groups whose intersection graphs of subgroups are one of K5 free, C3-free, acyclic
or bipartite.
Proposition 3.1. Let G be a finite cyclic group and p, q be distinct primes. Then
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1. I (G) is toroidal if and only if G is one of Zpα(α = 6, 7, 8), Zpαq(α = 3, 4) or Zp2q2;
2. I (G) is projective-planar if and only if G is one of Zpα(α = 6, 7) or Zp3q.
Proof. Let |G| = pα11 p
α2
2 . . . p
αk
k , where pi’s are distinct primes, and αi ≥ 1 are integers.
Note that to prove this result, it is enough to investigate the finite cyclic groups other
than those listed in Theorem 2.4(1). We have to deal with the following cases.
Case 1: If k = 1, then the number of proper subgroups of G is α1 − 1 and so
I (G) ∼= Kα1−1. (3.1)
It follows that γ(I (G)) = 1 if and only if α1 = 6, 7, 8. and γ(I (G)) = 1 if and only if
α1 = 6, 7.
Case 2: If k = 2 and α2 = 1, then we consider the following subcases:
Sub case 2a: α1 = 3. Let Hi, i = 1, . . ., 6 be the subgroups of G of order p1, p
2
1, p
3
1,
p2, p1p2, p
2
1p2 respectively. Here H1 is a subgroup of H2, H3, H5, H6; H4 is a subgroup
of H5, H6; H4 has trivial intersection with Hi, i = 1, 2, 3. Therefore,
I (G) ∼= K2 + (K3 ∪K1), (3.2)
which is a subgraph of K6 and it contains K5. So γ(I (G)) = 1 and γ(I (G)) = 1.
Sub case 2b: α1 = 4. Let Hi, i = 1, . . ., 8 be the subgroups of G of order p1, p
2
1, p
3
1, p
4
1,
p2, p1p2, p
2
1p2, p
3
1p2 respectively. Here H1 is a subgroup of H2, H3, H4, H6, H7, H8; H5 is
a subgroup of Hi, i = 6, 7, 8; H5 has trivial intersection with Hi, i = 1, 2, 3, 4. It follows
that
I (G) ∼= K3 + (K4 ∪K1). (3.3)
Also γ(I (G)) = 1 and the corresponding toroidal embedding is shown in Figure 4. Since
I (G) contains K7 as a subgraph, it follows that γ(I (G)) > 1.
b b b b
b
b
b b b b
b
b
bb
b
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H2
H3
H8
H5
H6
H7
H4
H1 H1
H1H6
H4
H2
H3
Figure 4: An embedding of I (Zp4
1
p2) in torus.
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Sub case 2c: α1 ≥ 5. Let Hi, i = 1, . . ., 8 be the subgroups of G of order p1, p
2
1, p
3
1,
p41, p
α
1 , p1p2, p
2
1p2, p
3
1p2 respectively. Since H1 is a subgroup of Hi, i = 2, . . ., 8, it follows
that they form K8 as a subgraph of I (G) and so γ(I (G)) > 1, γ(I (G)) > 1.
Case 3: k = 2 and α2 ≥ 2. Now we have to deal with the following sub cases:
Sub case 3a: α1 = α2 = 2. Let Hi, i = 1, . . ., 7 be the subgroups of G of order p1, p
2
1,
p2, p
2
2, p1p2, p
2
1p2, p1p
2
2 respectively. Here H1 is a subgroup of H2, H5, H6, H7; H3 is a
subgroup of H4, H5, H6, H7; H1, H2 have trivial intersection with H3, H4. It follows that
I (G) ∼= K3 + 2K2. (3.4)
Moreover γ(I (G)) = 1, since I (G) is a subgraph of K7 and it contains K5.
Also γ(I (G)) > 1, since I (G) has a subgraph isomorphic to the graph shown in
Figure 5, which is one of the obstruction for projective-plane (e.g., see Theorem 0.1 and
graph B1 of case (3.6) on p. 340 in [13]).
b
b
b
b
b
b
b
H1
H2
H3
H4
H5
H6
H7
Figure 5: An obstruction for the projective-plane.
Sub case 3b: Either α > 2 or β > 2. Let Hi, i = 1, . . ., 8 be subgroups of G of order p1,
p21, p
3
1, p2, p
2
2, p1p2, p
2
1p2, p
3
1p2 respectively. Here H1 is a subgroup of H2, H3, H6, H7, H8;
H4 is a subgroup of H5, H6, H7, H8. It follows that I (G) has a subgraph A1 as shown
in Figure 1, so γ(I (G)) > 1 and γ(I (G)) > 1.
Also I (G) contains K3,5 as a subgraph with bipartition X := {H3, H6 H7} and
Y := {H1, H2, H4, H5, H8} and so γ(I (G)) > 1.
Case 4: If k = 3, then we need to consider only for α1 ≥ 2, α2, α3 ≥ 1. Let Hi, i = 1,
. . ., 8 be subgroups of G of order p1, p
2
1, p1p2p3, p1p2, p1p3, p2p3, p
2
1p2, p
2
1p3 respectively.
Here H1 is a subgroup of H2, H3, H4, H5, H7, H8; Hi, i = 3, . . ., 8 intersect non-trivially
with each other. It follows that I (G) has a subgraph A1 as shown in Figure 1, so
γ(I (G)) > 1 and γ(I (G)) > 1.
Case 5: If k ≥ 4, then let Hi, i = 1, . . ., 8 be subgroups of G of orders p1, p1p2, p1p2p3,
p1p2p4, p1p3p4, p2p3p4, p1p3, p1p4 respectively. Here H1 is a subgroup of H2, H3, H4, H6,
H7, H8; H5, H3, H4, H6, H7, H8 intersect non-trivially with each other. It follows that
I (G) has a subgraph A1 as shown in Figure 1, so γ(I (G)) > 1 and γ(I (G)) > 1
Combining all the cases together the proof follows.
Proposition 3.2. Let G be a finite non-cyclic abelian group and p, q be distinct primes.
Then
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(1) I (G) is K5-free if and only if G is one of Zp × Zp, Z4 × Z2, or Z6 × Z2;
(2) The following are equivalent:
(a) G ∼= Zp × Zp;
(b) I (G) is C3-free;
(c) I (G) is acyclic;
(d) I (G) is bipartite.
(3) I (G) is toroidal if and only if G is one of Zp2 × Zp(p = 3, 5) or Z3q × Z3;
(4) I (G) is projective-planar if and only if G is either Z9 × Z3 or Z3q × Z3.
Proof. We split the proof in to several cases:
Case 1: G ∼= Zp × Zp. Then by Theorem 2.5, I (G) is planar and by (2.4), it is acyclic.
Case 2: G ∼= Zp2 × Zp. Here 〈(1, 0)〉, 〈(1, 1)〉, . . ., 〈(1, p − 1)〉, 〈(p, 0), (0, 1)〉, 〈(p, 0)〉,
〈(p, 1)〉, . . ., 〈(p, p− 1)〉, 〈(0, 1)〉 are the only proper subgroups of G. Note that 〈(p, 0)〉
is a subgroup of 〈(1, 0)〉, 〈(1, 1)〉, . . ., 〈(1, p − 1)〉, 〈(p, 0), (0, 1)〉; 〈(p, 0)〉, 〈(p, 1)〉, . . .,
〈(p, p− 1)〉, 〈(0, 1)〉 are subgroups of 〈(p, 0), (0, 1)〉; no two remaining subgroups intersect
non-trivially. It follows that
I (G) ∼= K1 + (Kp+1 ∪Kp). (3.5)
So I (G) contains C3 as a subgraph. Note that I (G) is a graph obtained by attaching
p pendent edges to any one of the vertices ofKp+2. So γ(I (G)) = 1 if and only if p = 3, 5;
γ(I (G)) = 1 if and only if p = 3; I (G) is K5-free if and only if p = 2.
Case 3: G ∼= Zpq × Zp. If p = 2, then by Theorem 2.5, I (G) is planar and by
Figure 3(b), it contains C3. If p = 3, then H := Zp × Zp is a subgroup of G. H has
four proper subgroups, let them be H1, H2, H3, H4. Now H and its proper subgroups,
H5 := Zq × {e}, HiH5, i = 1, 2, 3, 4 are the only proper subgroups of G. Here H5 is a
subgroup of HiH5, i = 1, 2, 3, 4; HiH5, i = 1, 2, 3, 4 has non-trivial intersection with H ;
Hi = 1, 2, 3, 4 are subgroups of H ; no two remaining subgroups intersect nontrivially. A
toroidal embedding of I (G) is shown in Figure 6, and an embedding of I (G) in the
projective-plane is shown in Figure 7. Note that I (G) contains K5.
If p = 5, then H := Zp×Zp is a subgroup of G. H has six proper subgroups, let them
be Hi, i = 1, . . ., 6. Now H and its proper subgroups, H7 := Zq×{e}, Bi = HiH7, i = 1,
. . ., 6 are the only proper subgroups of G. Here H7 is a subgroup of Bi, i = 1, . . ., 6; Ai,
i = 1, . . ., 6 and H intersect non-trivially; Hi, i = 1, . . ., 6 are subgroups of H ; no two
remaining subgroups have non-trivial intersection. It follows that I (G) has a subgraph
A1 as shown in Figure 1, so γ(I (G)) > 1 and γ(I (G)) > 1.
If p ≥ 7, then H := Zp × Zp, H1 := 〈(1, 0)〉, H2 := 〈(1, 1)〉, H3 := 〈(2, 1)〉, H4 :=
〈(3, 1)〉, H5 := 〈(4, 1)〉, H6 := 〈(5, 1)〉, H7 := 〈(0, 1)〉, H8 := Zq × {e}, HiH8, i = 1, . . ., 7
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Figure 6: An embedding of I (Z3q × Z3) in the torus.
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Figure 7: An embedding of I (Z3q × Z3) in projective plane.
are proper subgroups of G. Here H8 is a subgroup of HiH8, i = 1, . . ., 7, so they form
K8 as a subgraph of I (G) and hence γ(I (G)) > 1, γ(I (G)) > 1.
Case 4: G ∼= Zp2q × Zp. Here H := Zp2 × Zp is a subgroup of G. As in Case 2, H has
at least three proper subgroups of order p2, say Hi, i = 1, 2, 3 and has at least three
subgroups of order p, say Hi, i = 4, 5, 6; Hj, j = 4, 5, 6 are subgroups of Hi for some
i ∈ {1, 2, 3}, let it be H3; also for some j ∈ {4, 5, 6}, Hj is a subgroup of Hi, for every
i = 1, 2, 3, let it be H4. Let H7 be a subgroup of G of order q. Here HiH7, HjH7, i = 1,
2, 3 and j = 4, 5, 6 are subgroups of G and they have H7 as their intersection, so H7,
HiK, HjK, i = 1, 2, j = 4, 5, 6 form K6 as a subgroup of I (G); H and H3H7 intersect
non-trivially and they also intersect with HjH7, j = 4, 5, 6 non-trivially. It follows that
I (G) has a subgraph A1 as shown in Figure 1, so γ(I (G)) > 1 and γ(I (G)) > 1.
Case 5: G ∼= Zp2 × Zp2 = 〈a, b | a
p2 = bp
2
= 1, ab = ba〉. Then H1 := 〈a〉, H2 := 〈ab
p〉,
H3 := 〈a
p, bp〉, H4 := 〈a, b
p〉, H5 := 〈a
p, apb〉, H6 := 〈a
p〉, H7 := 〈b〉, H8 := 〈b
p〉 are
subgroups of G. Also H6 is a subgroup of Hi, i = 1, . . ., 5; H8 is a subgroup of H3, H4,
H5, H7. It follows that I (G) has a subgraph A1 as shown in Figure 1, so γ(I (G)) > 1
and γ(I (G)) > 1.
Case 6: G ∼= Zpk × Zpl, k, l ≥ 3. Then Zp2 × Zp2 is a proper subgroup of G and so by
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Case 4, we have γ(I (G)) > 1 and γ(I (G)) > 1.
Case 7: G ∼= Zp×Zpqr. Then H := Zp ×Zp is a subgroup of G and as in Case 1, H has
at least three proper subgroups of order p, say Hi, i = 1, 2, 3. Let H4, H5 be subgroups of
G of orders q, r respectively. Here HiHj, i = 1, 2, 3, j = 4, 5 are also proper subgroups
of G. So HiH4, i = 1, 2, 3, HH4, H4 forms K5 as a subgraph of I (G); HiH5, i = 1, 2, 3,
HH5, H5 also forms K5 as a subgraph of I (G). Thus I (G) has a subgraph B1 as shown
in Figure 2, so γ(I (G)) > 1. B1 is also a topological obstruction for projective-plane
embedding (e.g., see Theorem. 0.1 and the graph A5 of case (3.15) on p. 343 in [13]), so
γ(I (G)) > 1.
Case 8: G ∼= Zp×Zp×Zp. Here 〈(1, 0, 0), (0, 1, 0)〉, 〈(1, 0, 0), (0, 0, 1)〉, 〈(1, 0, 0), (1, 1, 0)〉,
〈(1, 0, 0), (0, 1, 1)〉 are proper subgroups of G, which have 〈(1, 0, 0)〉 as their intersection.
It follows that these five subgroups form K5 as a subgraph of I (G). Also 〈(1, 1, 1),
(0, 1, 0)〉, 〈(0, 1, 0), (0, 0, 1)〉, 〈(0, 1, 0), (1, 1, 0)〉, 〈(0, 1, 0), (0, 1, 1)〉 are proper subgroups
of G, which have 〈(0, 1, 0)〉 as their intersection and so they also form K5 as a subgraph
of I (G). Thus I (G) has a subgraph B1 as shown in Figure 2, so γ(I (G)) > 1 and
γ(I (G)) > 1.
Case 9: G ∼= Zpα1
1
×Zpα2
2
×. . .×Zpαk
k
, where pi’s are primes with at least two pi’s are equal
and αi ≥ 1. If k ≥ 2, then G has one of the following groups as its subgroup: Zp2i × Zp2i ,
Zp2i pj × Zpi, Zpi × Zpi × Zpi, for some i, j. So by Cases 3, 4, 7, the intersection graph of
subgroups of these subgroups are non-toroidal, non-projective planar and contains K5.
So it follows that γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5 as a subgraph.
The result follows by combining all the above cases.
4 Finite non-abelian groups
In this section, we classify the finite non-abelian groups whose intersection graphs of
subgroups are one of toroidal, projective-planar, K5 free, C3-free, acyclic or bipartite. We
first investigate the non-abelian solvable groups and then we deal with the nonsolvable
groups.
For any integer n ≥ 3, the dihedral group of order 2n is given by D2n = 〈a, b | a
n =
b2 = 1, ab = ba−1〉; For any integer n ≥ 2, the generalized quaternion group of order 2n
is given by Q2n =
〈
a, b | a2
n−1
= b4 = 1, a2
n−2
= b2 = 1, bab−1 = a−1
〉
; For any α ≥ 3
and p is a prime, the modular group of order pα is given by Mpα = 〈a, b | a
pα−1 = bp =
1, bab−1 = ap
α−2+1〉; Sn and An are symmetric and alternating groups of degree n acting
on {1, 2, . . . , n} respectively. We denote the order of an element a ∈ Zn by ordn(a). The
number of Sylow p-subgroups of a group G is denoted by np(G).
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4.1 Finite non-abelian solvable groups
Proposition 4.1. Let G be a non-abelian group of order pα, where p is a prime and
α ≥ 3. Then
(1) I (G) is K5-free if and only if G is either Q8 or M8;
(2) I (G) contains C3;
(3) I (G) is toroidal if and only if G is one of Mp3(p = 3, 5) or M16.
(4) I (G) is projective-planar if and only if G ∼= M27.
Proof. We prove the result in the following cases:
Case 1: α = 3. If p = 2, then the only non-abelian groups of order 8 are Q8 and M8. By
Theorem 2.5, the intersection graphs of subgroups of these two groups are planar and by
(2.6) and Figure 3(c), they contains C3.
If p 6= 2, then up to isomorphism the only non-abelian groups of order p3 are Mp3 and
(Zp × Zp)⋊ Zp.
(i) If G ∼= Mp3 , then the subgroup lattices of Mp3 and Zp2 ×Zp are isomorphic, so their
intersection graphs of subgroups are also isomorphic. By Case 2 in the proof of
Proposition 3.2, we have
I (G) ∼= K1 + (Kp+1 ∪Kp). (4.1)
Also, γ(I (G)) = 1 if and only if p = 3, 5; γ(I (G)) = 1 if only if p = 3; I (G)
contains K5.
(ii) If G ∼= (Zp×Zp)⋊Zp, then consider its proper subgroups H1 := 〈a, b〉, H2 := 〈a, c〉,
H3 := 〈ab, c〉, H4 := 〈ab
2, c〉, H5 := 〈b, ac〉, H6 := 〈b, a
2c〉, H7 := 〈b, c〉, H8 := 〈b〉,
H9 := 〈c〉. Here H9 is a subgroup of H2, H3, H4, H7, so these five subgroups forms
K5 as a subgraph of I (G); H8 is a subgroup of H1, H5, H6, so these four subgroups
forms K4 as a proper subgraph of I (G); H1, H4 intersects non-trivially; H8 is a
subgroup of H7, H5, H6. It follows that I (G) has a subgraph B3 as shown in
Figure 2, so γ(I (G)) > 1.
Also I (G) has a subgraph as shown in Figure 8, which is an obstruction for
projective-plane (e.g., see Theorem 0.1 and graph C7 of case (3.20) on p. 344
in [13]). Therefore, γ(I (G)) > 1.
Case 2: α = 4. According to Burnside [8], up to isomorphism, there are fifteen groups
of order p4, p > 2 and there are nine groups of order 24. In following we investigate the
genus of the intersection graphs of subgroups of each of them:
Sub case 2a: p > 2.
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b
b
bb〈c〉
〈a, b〉
〈ab, c〉
〈b〉
〈a, c〉 〈b, ac〉
〈b, c〉
〈b, a2c〉
Figure 8: An obstruction for the projective-plane.
(i) G ∼= Mp4. Here H1 := 〈a〉, H2 := 〈ab〉, H3 := 〈ab
2〉, H4 := 〈a
p〉, H5 := 〈a
pb〉,
H6 := 〈a
pb2〉, H7 := 〈a
p, b〉, H8 := 〈a
p2〉 are proper subgroups of G. Also H8 is a
subgroup of Hi, i = 1, . . ., 7. It follows that they form K8 as a subgraph of I (G),
so γ(I (G)) > 1.
(ii) G ∼= 〈a, b, c | ap
2
= bp = cp = 1, cb = apbc, ab = ba, ac = ca〉. Here H1 := 〈a, b〉,
H2 := 〈a, c〉, H3 := 〈a〉, H4 := 〈a
p, c〉, H5 := 〈a
p, b〉, H6 := 〈ab〉, H7 := 〈ac〉,
H8 := 〈a
p〉 are proper subgroups of G. Also H8 is a subgroup of Hi, i = 1, . . ., 7.
It follows that they form K8 as a subgraph of I (G), so γ(I (G)) > 1.
(iii) G ∼= 〈a, b | ap
2
= bp
2
= 1, bab−1 = a1+p〉. Here H1 := 〈a〉, H2 := 〈a
p〉, H3 := 〈a
p, b〉,
H4 := 〈a
p, bp〉, H5 := 〈a, b
p〉, H6 := 〈b〉, H7 := 〈b
p〉, H8 := 〈ab, b
p〉, H9 := 〈a
2b, bp〉
are proper subgroups of G. Here Hi, i = 1, . . ., 5 intersect with each other non-
trivially and so they form K5 as a subgraph of I (G); H7 is a subgroup of H4, H6,
H8, H9; H6, H8, H9 intersect with H5 non-trivially. It follows that I (G) has a
subgraph B3 as shown in Figure 2, so γ(I (G)) > 1.
(iv) G ∼= 〈a, b, c | ap
2
= bp = cp = 1, ca = a1+pc, ab = ba, cb = bc〉. We can take the
proper subgroups of G as in (ii), except by taking H7 := 〈a, bc〉 instead ofH7 = 〈ac〉.
Then I (G) has K8 as a subgraph and so γ(I (G)) > 1.
(v) G ∼= 〈a, b, c | ap
2
= bp = cp = 1, ca = abc, ab = ba, cb = bc〉. We can use a similar
argument as in (iv) to show I (G) has K8 as a subgraph and so γ(I (G)) > 1.
(vi) G ∼= 〈a, b, c | ap
2
= bp = cp = 1, ba = a1+pb, ca = abc, cb = bc〉. Here H1 := 〈a, b〉,
H2 := 〈a, c〉, H3 := 〈b, c〉, H4 := 〈a
p, c〉, H5 := 〈a
p, b〉, H6 := 〈a
p〉, H7 := 〈a〉,
H8 := 〈a
p, bc〉, H9 := 〈a
p, b2c〉 are proper subgroups of G. Also Hi, i = 1, . . ., 5
intersect with each other non-trivially and so they form K5 as a subgraph of I (G);
H6 is a subgroup of H7, H8, H9; H6 is a subgroup of H1; H7, H8, H9 intersect with
H4 non-trivially. It follows that I (G) has a subgraph B3 as shown in Figure 2, so
γ(I (G)) > 1.
(vii) If p = 3, then G ∼= 〈a, b, c | ap
2
= bp = cp
2
= 1, cp = ap, ab = ba1+p, ac = cab−1, cb =
bc〉. Here H1 := 〈a, b〉, H2 := 〈a, c〉, H3 := 〈b, c〉, H4 := 〈a
p, b〉, H5 := 〈c〉, H6 := 〈a〉,
Intersection graph of subgroups 14
H7 := 〈c
p〉, H8 := 〈bc〉, H9 := 〈b
2c〉 are subgroups of G. Also Hi, i = 1, . . ., 5
intersect with each other non-trivially and so they form K5 as a subgraph of I (G);
H7 is a subgroup of H6, H8, H9; H7 is a subgroup of H4; H6, H8, H9 intersect with
H5 non-trivially. It follows that I (G) has a subgraph B3 as shown in Figure 2, so
γ(I (G)) > 1.
If p > 3, then G ∼= 〈a, b, c | ap
2
= bp = cp
2
= 1, ba = a1+pb, ca = a1+pbc, cb = apbc〉.
Here 〈a, b〉 ∼= Mp3 is a subgroup of G, so by (4.1), Mp3 together with its proper
subgroups forms K8 as a subgraph of I (G). Hence γ(I (G)) > 1.
(viii) If p = 3, then G ∼= 〈a, b, c | ap
2
= bp = cp
2
= 1, cp = a−p, ab = ba1+p, ac = cab−1, cb =
bc〉. We can use a similar argument as in (vii), to show γ(I (G)) > 1.
If p > 3, then G ∼= 〈a, b, c | ap
2
= bp = cp
2
= 1, ba = a1+pb, ca = a1+dpbc, cb =
adpbc, d ≇ 0, 1(modp)〉. Here 〈a, b〉 ∼= Mp3 is a subgroup of G, so by (4.1), Mp3 to-
gether with its proper subgroups formsK8 as a subgraph of I (G). Thus γ(I (G)) >
1.
(ix) G ∼= 〈a, b, c, d | ap = bp = cp = dp = 1, dc = acd, bd = db, ad = da, bc = cb, ac = ca〉.
Here 〈a, b, c〉 ∼= Zp × Zp × Zp is a subgroup of G and so by Case 7 in the proof of
Proposition 3.2, it follows that γ(I (G)) > 1.
(x) If p = 3, then G ∼= 〈a, b, c | ap
2
= bp = cp = 1, ab = ba, ac = cab, cb = ca−pb〉.
Here H1 := 〈a, b〉, H2 := 〈a, c〉, H3 := 〈b, c〉, H4 := 〈a
p, b〉, H5 := 〈a
p, c〉, H6 := 〈a〉,
H7 := 〈a
p〉, H8 := 〈ab〉, H9 := 〈a
2b〉 are proper subgroups of G. Also Hi, i = 1, . . ., 5
intersect with each other non-trivially and so they form K5 as a subgraph of I (G);
H7 is a subgroup of H4, H6, H8, H9; H6, H8, H9 intersect with H5 non-trivially. It
follows that I (G) has a subgraph B3 as shown in Figure 2, so γ(I (G)) > 1.
If p > 3, then G ∼= 〈a, b, c, d | ap = bp = cp = dp = 1, dc = acd, bd = db, ad =
da, bc = cb, ac = ca〉. Here 〈a, b, c〉 ∼= Zp × Zp × Zp is a subgroup of G and so by
Case 7 in the proof of Proposition 3.2, it follows that γ(I (G)) > 1.
Sub case 2b: p = 2.
(i) G ∼= M24 . Here H1 := 〈a〉, H2 := 〈ab〉, H3 := 〈a
2, b〉, H4 := 〈a
2〉, H5 := 〈a
2b, c〉,
H6 := 〈a
4, b〉, H7 := 〈a
4〉, H8 := 〈a
4b〉, H9 := 〈b〉 are the only subgroups of M24 .
Further H7 is a subgroup of Hi, i = 1, . . ., 6; H8, H9 are proper subgroups of H6;
no two remaining subgroups intersect non-trivially. It follows that
I (G) ∼= K1 + (K6 ∪K2). (4.2)
Note that I (G) is a graph obtained by attaching 2 pendent edges to any one of the
vertices of K7, so γ(I (G)) = 1.
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(ii) G ∼= 〈a, b, c | a4 = b4 = c2 = 1, bab−1 = a−1, a2 = b2, bc = cb, ac = ca〉. Here
H1 := 〈a, c〉, H2 := 〈a〉, H3 := 〈ac〉, H4 := 〈a
2〉, H5 := 〈a
2, c〉, H6 := 〈bc〉, H7 := 〈b〉,
H8 := 〈b, c〉 are proper subgroups of G and these subgroups intersect with each other
non-trivially, so they form K8 as a subgraph of I (G). It follows that γ(I (G)) > 1.
(iii) G ∼= 〈a, b | a8 = b2 = 1, bab−1 = a−1〉. Here H1 := 〈a〉, H2 := 〈a
2〉, H3 := 〈a
4〉,
H4 := 〈a
2, b〉, H5 := 〈a
4, b〉, H6 := 〈a
4, ab〉, H7 := 〈a
4, a2b〉, H8 := 〈a
2, ab〉 are proper
subgroups of G and these eight subgroups intersect with each other non-trivially, so
they form K8 as a subgraph of I (G). It follows that γ(I (G)) > 1.
(iv) G ∼= 〈a, b | a8 = b2 = 1, b−1ab = a3〉. Here H1 := 〈a〉, H2 := 〈a
2〉, H3 := 〈a
4〉,
H4 := 〈a
2, b〉, H5 := 〈a
4, b〉, H6 := 〈a
4, ab〉, H7 := 〈a
4, a2b〉, H8 := 〈a
4, a3b〉 are
proper subgroups of G and these eight subgroups intersect with each other non-
trivially. Hence they form K8 as a subgraph of I (G). It follows that γ(I (G)) > 1.
(v) G ∼= 〈a, b | a8 = b2 = 1, b−1ab = a−1, b2 = a4〉. Here H1 := 〈a〉, H2 := 〈a
2〉,
H3 := 〈a
4〉, H4 := 〈b〉, H5 := 〈a
2, b〉, H6 := 〈ab〉, H7 := 〈a
2b〉, H8 := 〈a
3b〉 are
proper subgroups of G and these eight subgroups intersect with each other non-
trivially, so they form K8 as a subgraph of I (G). It follows that γ(I (G)) > 1.
The remaining groups in this subcase are identical with the groups described in (ii), (iii),
(iv), (v) of Subcase 2a.
Case 3: α = 5. By Theorem 2.6 (i), G has at least three subgroups of order p4, say
Hi, i = 1, 2, 3 and at least three subgroups of order p
3, say Hi, i = 4, 5, 6. Here for each
i = 1, 2, 3 and j = 4, 5, 6, Hi and Hj have a non-trivial intersection. For otherwise,
|HiHj| = p
k, k = 7 or 8, which is not possible. Let H7 be a common subgroup of order
p2 for both H4 and H5. Let H8 be a subgroup of H7 of order p. Here H1, H4, H5, H7, H8
intersects with each other non-trivially, so they form K5 as a subgraph of I (G). Now H2
and H3 have a common subgroup of order p
3, say H9; let H10 be a subgroup of H9 of order
p2; let H11 be a subgroup of H10 of order p. Then H2, H3, H9, H10, H11 intersect with
each other non-trivially. Therefore, I (G) contains a subgraph B1 as shown in Figure 2,
so γ(I (G)) > 1.
Case 4: α ≥ 6. By Theorem 2.6 (i), (ii), G has at least two subgroups of order pα−1, say
H1, H2. Let Hi, i = 3, 4, 5, 6 be subgroups of H1 of order p
α−2, p3, p2, p respectively.
Also let Hi, i = 7, 8, 9, 10 be subgroups of H2 of orders p
α−2, p3, p2, p respectively. It
follows that H1, H3, H4, H5, H6 forms K5 as a subgraph of I (G) and H2, H7, H8, H9,
H10 forms another copy of K5 as a subgraph of I (G). Thus I (G) has a subgraph B1 as
shown in Figure 2, so γ(I (G)) > 1.
Now we investigate the projective-plane embedding of the intersection graphs of sub-
groups of G, when α ≥ 4. We need to consider the following cases:
Case a: p > 2. Then by Theorem 2.6 (i), G has at least four subgroups of order p3, let
them be Hi, i = 1, 2, 3, 4; and has at least four subgroups of order p
2, say Bi, i = 1, 2, 3, 4.
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Here Hi ∩ Bj 6= ∅ for all i, j = 1, 2, 3, 4 with i 6= j and so they form K4,4 as a subgraph
of I (G) with bipartition X := {H1, H2, H3, H4} and Y := {B1, B2, B3, B4}. It follows
that γ(I (G)) > 1.
Case b: p = 2. If G has an unique subgroup of order 2, then by Theorem 2.6 (i), (ii),
G ∼= Q2α . Then G has at least seven proper subgroups and they have a unique subgroup
of order 2 in common. It follows that I (G) has K7 as a subgraph, so γ(I (G)) > 1.
If G 6= Q2α , then it has atleast three subgroups of order p
α−1, let them be H1, H2, H3;
G has atleast three subgroups, say H4, H5, H6 of order p
α−2; atleast two subgroups of
order pα−3, say H7, H8. Here Hi ∩ Hj 6= ∅, for every i = 1, 2, 3 and j = 4, 5, 6, i 6= j;
H7, H8 are subgroups of Hi, i = 1, 2, 3. It follows that K3,5 is a subgraph of I (G) with
bipartition X := {H1, H2, H3} and Y := {H4, H5, H6, H7, H8}, so γ(I (G)) > 1.
The proof follows by putting together all the cases.
If G is the non-abelian group of order pq, where p < q and p, q are two distinct primes,
then by Theorem 2.5, γ(I (G)) is planar and by (2.7) it is acyclic.
Next we investigate the groups of order greater than pq.
Consider the semi-direct product Zq ⋊t Zpα = 〈a, b|a
q = bp
α
= 1, bab−1 = ai, ordq(i) =
pt〉, where p, q are distinct primes with pt | (q−1), t ≥ 0. Then every semi-direct product
Zq⋊Zpα is one of these types [6, Lemma 2.12]. So here after, when t = 1 we will suppress
the subscript.
Proposition 4.2. Let G be a non-abelian group of order p2q, where p and q are distinct
primes. Then
(1) I (G) is K5-free if and only if G is either Zq ⋊2 Zp2, 〈a, b, c | a
p = bp = cq = 1, ab =
ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p), q|(p+ 1) or A4.
(2) The following are equivalent:
(a) G ∼= 〈a, b, c | ap = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a−1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p), q|(p+ 1) or A4;
(b) I (G) is C3-free;
(c) I (G) is acyclic;
(d) I (G) is bipartite.
(3) I (G) is toroidal if and only if G is one of Z3 ⋊ Z4, Z5 ⋊ Z4 or Z9 ⋊ Z2, Z25 ⋊ Z2.
(4) I (G) is projective-planar if and only if G is either Z3 ⋊ Z4 or Z9 ⋊ Z2.
Proof. To prove the result we use the classification of groups of order p2q given in [8,
p. 76-80]. We have the following cases to consider.
Case 1: p < q:
Case 1a: p ∤ (q − 1). By Sylow’s Theorem, there is no non-abelian group in this case.
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Case 1b: p | (q − 1) but p2 ∤ (q − 1). In this case, there are two non-abelian groups.
The first group is G1 := Zq ⋊ Zp2 = 〈a, b|a
q = bp
2
= 1, bab−1 = ai, ordq(i) = p〉. We
have 〈a〉, 〈aib〉, i = 1, 2, . . . , q, 〈bp〉 and 〈abp〉 are the only proper subgroups of G1. Here
〈bp〉 is a subgroup of the remaining proper subgroups, except 〈a〉. Also 〈a〉 is a subgroup
of 〈abp〉. It follows that
I (G1) ∼= K1 + (K1 ∪Kq+1). (4.3)
Note that q = 5 is not possible here, since p = 2 is such that p | (q−1) but p2 | (q−1).
Note that I (G) is a graph obtained by attaching one pendent edge to any one of the
vertices of Kq+2. So γ(I (G)) = 1 if and only if q = 3; γ(I (G)) = 1 if and only if q = 3;
I (G) contains K5.
The second group is G2 := 〈a, b, c|a
q = bp = cp = 1, bab−1 = ai, ac = ca, bc =
cb, ordq(i) = p〉. Here H1 := 〈a, b〉, H2 := 〈a, c〉, H3 := 〈b, c〉, H4 := 〈ab, c〉, H5 := 〈a
2b, c〉,
H6 := 〈a
3b, c〉, H7 := 〈c〉, H8 := 〈a
4b, c〉 are proper subgroups of G. Also Hi, i = 3, 4,. . . , 8
intersect with each other non-trivially and so they form K6 as a subgraph of I (G2); H1
and H2 intersect non-trivially; also they intersect non-trivially with H3, H4, H5. It follows
that I (G2) has a subgraph A1 as shown in Figure 1, so γ(I (G2)) > 1 and γ(I (G2)) > 1.
Case 1c: p2|(q−1). In this case, we have both groups G1 and G2 from Case 1b together
with the group G3 := Zq ⋊2 Zp2 = 〈a, b|a
q = bp
2
= 1, bab−1 = ai, ordq(i) = p
2〉. Note that
here q = 5, p = 2 is possible for the group G1. By (4.3), γ(I (G1)) = 1, γ(I (G1)) > 1.
I (G2) is already discussed in Case 1b. By Theorem 2.5, I (G3) is planar and by (2.8),
it contains C3.
Case 2: p > q
Case 2a: q ∤ (p2 − 1). Then there is no non-abelian subgroups.
Case 2b: q|(p− 1). In this case, we have two groups.
The first one is G4 := 〈a, b|a
p2 = bq = 1, bab−1, ordp2(i) = q〉. By Sylow’s Theorem,
G4 has a unique subgroup say N , of order p
2 and has a unique subgroup N ′ of order p;
G4 has p
2 Sylow q-subgroups of order q, say Hi, i = 1, 2 . . . , p
2; it has p subgroups of
order pq, say Ai = 〈a
p, aib〉, i = 0, 1, . . . p − 1. These are the only proper subgroups of
G4. Here N
′ is a subgroup of N and Ai, i = 0, 1, . . . , p − 1; Hi, Hi+p, . . . , Hi+p(p−1) are
subgroups of Ai for each i = 0, 1, . . . , p− 1. It follows that I (G4) is the graph obtained
by attaching a single pendant edge to any p vertices of Kp+2. Thus, γ(I (G4)) = 1 if and
only if p = 3, 5; γ(I (G4)) = 1 if and only if p = 3;I (G4) contains K5.
Next we have the family of groups 〈a, b, c|ap = bp = cq = 1, cac−1 = ai, cbc−1 =
bi
t
, ab = ba, ordp(i) = q〉. There are (q + 3)/2 isomorphism types in this family (one for
t = 0 and one for each pair {x, x−1} in Fp
×. We will refer to all of these groups as G5(t)
of order p2q. Here H1 := 〈a, b〉, H2 := 〈a, c〉, H3 := 〈a, bc〉, H4 := 〈a, b
2c〉, H5 := 〈ab, c〉,
H6 := 〈b, c〉, H7 := 〈a
2b, c〉, H8 := 〈c〉 are proper subgroups of G. Further Hi, i = 1, . . ., 6
intersect non-trivially with each other and so they formK6 as a subgraph of I (G5(t)); H7,
H8 intersect non-trivially and they intersect with H2, H5, H6. It follows that I (G5(t))
has a subgraph A1 as shown in Figure 1, so γ(I (G5(t))) > 1, γ(I ((G5(t))) and I (G5(t))
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contains K5 as a subgraph.
Case 2c: q|(p + 1). In this case, we have only one group of order p2q, given by G6 :=
(Zp × Zp) ⋊ Zq = 〈a, b, c|a
p = bp = cq = 1, ab = ba, cac−1 = aibj , cbc−1 = akbl〉, where(
i j
k l
)
has order q in GL2(p).
(i) If G6 has a subgroup of order pq, then H1 := 〈a, b〉, H2 := 〈a, c〉, H3 := 〈a, bc〉,
H4 := 〈a, b
2c〉, H5 := 〈ab, c〉, H6 := 〈b, c〉, H7 := 〈a
2b, c〉, H8 := 〈c〉 are proper
subgroups of G. Also Hi, i = 1, . . ., 6 intersect non-trivially with each other and
so they form K6 as a subgraph of I (G); H7, H8 intersect non-trivially and they
intersect with H2, H5, H6. Thus I (G6) has a subgraph A1 as shown in Figure 1,
so γ(I (G6)) > 1 and γ(I (G)) > 1.
(ii) If G6 has no subgroup of order pq, then G6 := 〈a, b, c | a
p = bp = cq = 1, ab =
ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p). By Theorem 2.5,
I (G6) is planar and by (2.9), it is acyclic.
Note that if (p, q) = (2, 3), the Cases 1 and 2 are not mutually exclusive. Up to
isomorphism, there are three non-abelian groups of order 12: Z3 ⋊Z4, D12 and A4. Here
the intersection graph of subgroups of Z3 ⋊ Z4 (the group G1) and D12 (the group G2)
contains K5. But by Theorem 2.5, I (A4) is planar and by (2.10), it is acyclic.
Combining all the cases together, the proof follows.
Proposition 4.3. If G is a non-abelian group of order pαq, where p, q are distinct primes
and α ≥ 3, then γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5.
Proof. Let P denote a Sylow p-subgroup of G. We shall prove this result by induction
on α. First we prove this result when α = 3. If p > q, then np(G) = 1, by Sylow’s
theorem and our group G ∼= P ⋊ Zq. Suppose γ(I (P )) > 1, γ(I (P )) > 1 and I (P )
contains K5, then the same holds for I (G) also. So it is enough to consider the cases
when I (P ) is one of planar, toroidal, projective-planar, K5-free, C3-free or bipartite.
By Propositions 3.1, 3.2, 4.1 and Theorem 2.5, P is isomorphic to one of Zp3, Zp2 × Zp
(p = 2, 3, 5) or Mp3 (p = 3, 5).
• If P ∼= Zp3 , then G ∼= Zp3 ⋊ Zq = 〈a, b | a
p3 = bq = 1, bab−1, ordp3(i) = q〉. Here
H1 := 〈a〉, H2 := 〈a
p, b〉, H3 := 〈a
p2, b〉, H4 := 〈a
p〉, H5 := 〈a
p, ab〉, H6 := 〈a
p2, ab〉,
H7 := 〈a
p, a2b〉, H8 := 〈a
p2〉 are proper subgroups of G. Further H8 is a subgroup
of Hi, for every i = 1, . . ., 7. It follows that they form K8 as a subgraph of I (G),
so γ(I (G)) > 1 and γ(I (G)) > 1.
• If P ∼= Zp2 × Zp, p = 2, 3, 4, then G ∼= (Zp2 × Zp) ⋊ Zq. Here H1 := 〈a, c〉,
H2 := 〈ab, c〉, H3 := 〈a
p, b, c〉, H4 := 〈a
p, c〉, H5 := 〈a〉, H6 := 〈ab〉, H7 := 〈a
p, b〉,
H8 := 〈a
p〉 are subgroups of G, where 〈a, b〉 = P and 〈c〉 = Zq. Also H8 is a
subgroup of Hi, i = 1, . . ., 7. Thus I (G) has K8 as a subgraph, so γ(I (G)) > 1
and γ(I (G)) > 1.
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• If P ∼= Mp3 , p = 3, 5, then G ∼= Mp3 ⋊ Zq. Here H1 := 〈a, c〉, H2 := 〈ab, c〉,
H3 := 〈a
p, b, c〉, H4 := 〈a
2, c〉, H5 := 〈a〉, H6 := 〈ab〉, H7 := 〈a
p, b〉, H8 := 〈a
p〉
are subgroups of G, where 〈a, b〉 = P and 〈c〉 = Zq. Also H8 is a subgroup of Hi,
i = 1, . . ., 7. Therefore, I (G) has K8 as a subgraph and so γ(I (G)) > 1 and
γ(I (G)) > 1.
Now, let us consider the case p < q and (p, q) 6= (2, 3). nq(G) = p is not possible. If
nq = p
2, then q|(p + 1)(p − 1), which implies that q|(p + 1) or q|(p − 1). But this only
leaves p3q−p3(q−1) = p3 elements and our Sylow p-subgroup must be normal, a case we
already considered. Therefore, the only remaining possibility is that G ∼= Zq⋊P . Suppose
γ(I (P )) > 1, γ(I (P )) > 1 and I (P ) contains K5, then the same holds for I (G) also.
So it is enough to consider the cases when I (P ) is one of planar, toroidal, projective-
planar, K5-free, C3-free and bipartite. By Propositions 3.1, 3.2, 4.1 and Theorem 2.5, P
is isomorphic to one of Zp3 , Zp2 × Zp (p = 2, 3, 5), Q8, M8 or Mp3 .
• If P ∼= Zp3 , then G ∼= Zq ⋊ Zp3 = 〈a, b | a
q = b3 = 1, bab−1 = ai, ordq(i) = p〉.
Here H1 := 〈ab
p〉, H2 := 〈b〉, H3 := 〈ab〉, H4 := 〈a
2b〉, H5 := 〈a
3b〉, H6 := 〈ab
p2〉,
H7 := 〈b
p〉, H8 := 〈b
p2〉 are proper subgroups of G. Also H8 is a subgroup of
Hi, i = 1, . . ., 7. Thus I (G) has K8 as a subgraph and so γ(I (G)) > 1 and
γ(I (G)) > 1.
• If P ∼= Zp2 × Zp or Mp3 , then G ∼= Zq ⋊ (Zp2 × Zp) or Zq ⋊Mp3. Here H1 := 〈a, c〉,
H2 := 〈ab, c〉, H3 := 〈a
p, b, c〉, H4 := 〈a
p, c〉, H5 := 〈a〉, H6 := 〈ab〉, H7 := 〈a
p, b〉,
H8 := 〈a
p〉 are subgroups of G, where 〈a, b〉 = P and 〈c〉 = Zq. Also H8 is a
subgroup of Hi, i = 1, . . ., 7. Thus I (G) has K8 as a subgraph, so γ(I (G)) > 1
and γ(I (G)) > 1.
• If P ∼= Q8, then G ∼= Zq ⋊ Q8. Here H1 := 〈a, c〉, H2 := 〈b, c〉, H3 := 〈ab, c〉,
H4 := 〈a
2, c〉, H5 := 〈a〉, H6 := 〈b〉, H7 := 〈ab〉, H8 := 〈a
2〉 are proper subgroups
of G, where 〈a, b〉 = P and 〈c〉 = Zq. Also H8 is a subgroup of Hi, i = 1, . . ., 7.
Thus these eight subgroups forms K8 as a subgraph of I (G) and this implies that
γ(I (G)) > 1 and γ(I (G)) > 1.
• If P ∼= M8. Here Zq ⋊M8, H1 := 〈a, c〉, H2 := 〈a
2, ab, c〉, H3 := 〈a
2, b, c〉, H4 :=
〈a2, c〉, H5 := 〈a〉, H6 := 〈a
2, b〉, H7 := 〈a
2, ab〉, H8 := 〈a
2〉 are proper subgroups
of G, where 〈a, b〉 = P and 〈c〉 = Zq. Also H8 is a subgroup of Hi, i = 1 to 7.
Thus these eight subgroups form K8 as a subgraph of I (G) and so γ(I (G)) > 1,
γ(I (G)) > 1.
If (p, q) = (2, 3), then G ∼= S4. In this case, G has at least two copies of D8. So by
Figure 3(c), D8 together with its proper subgroups form K5 as a subgraph of I (G).
Then I (G) has a subgraph B1 as shown in Figure 2, so γ(I (G)) > 1 and γ(I (G)) > 1.
Thus from the above arguments the result is true when α = 3.
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Assume that the result is true for all non-abelian group of order pmq, with m < α.
We prove the result when α > 3. If np(G) = 1, then G ∼= P ⋊Zq . Suppose γ(I (P )) > 1,
γ(I (P )) > 1 and I (P ) contains K5, then the same holds for I (G) also. So it is enough
to consider the cases when I (P ) is one of planar, toroidal, projective-planar, K5-free,
C3-free and bipartite. By Propositions 3.1, 3.2, 4.1 and Theorem 2.5, P ∼= Zpα or M24 .
• If P ∼= Zpα , then G has a subgroup 〈a
p, b〉 ∼= Zp3 ⋊ Zq. So by induction hypothesis
γ(I (〈ap, b〉)) > 1, γ(I (〈ap, b〉)) > 1, and so γ(I (G)) > 1 and γ(I (G)) > 1.
• If P ∼= M24 , then by (4.2), P together with its proper subgroups form K8 as a
subgraph of I (G) and so γ(I (G)) > 1 and γ(I (G)) > 1.
Let np(G) 6= 1. Since G is solvable, G has a normal subgroup N of order p
α−1q. Suppose
γ(I (N)) > 1, γ(I (N)) > 1 and I (N) contains K5, then the same holds for I (G) also.
So it is enough to consider the cases when I (N) is one of planar, toroidal, projective-
planar, K5-free, C3-free and bipartite. By Propositions 3.1, 3.2, 4.2 and Theorem 2.5,
N ∼= Zp3q.
Suppose G has two elements, say a, b of orders p, q respectively with b ∈ N , a /∈ N ,
thenH := 〈a, b〉 is a proper subgroup ofG. Consider N together with its proper subgroups
H1, H2, H3, H4, H5, H6, H7, of order p, p
2, p3, pq, p2q, p3q, q respectively. Here
Hi ∩ Hj 6= {e}, for every i, j = 1 to 6; H7 is a subgroup of Hi, i = 4, 5, 6, H ;
H ∩Hi = H7, i = 4, 5, 6. It follows that I (G) has a subgraph A1 as shown in Figure 1,
so γ(I (G)) > 1 and γ(I (G)) > 1.
Suppose every subgroup of G of order p is contained in N , then G has at least
three Sylow p-subgroups, let them be P1, P2, P3. Consider N together with its proper
subgroups H1, H2, H3, H4, H5, H6 of order p, p
2, p3, pq, p2q, p3q, respectively. Here
H1 is a subgroup of Hi, i = 2, . . ., 6, N , P1, so they form K8 as a subgraph of I (G).
Therefore, γ(I (G)) > 1 and γ(I (G)) > 1.
Thus the result is true when α > 3, it follows that the result is true for all α ≥ 3.
Proposition 4.4. If G is a non-abelian group of order p2q2, where p, q are distinct
primes, then γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains C3. Also I (G) is K5-free
if and only if G ∼= 〈a, b, c | ap = bp = cq
2
= 1, ab = ba, cac−1 = ab−1, cbc−1 = abl〉, where(
0 −1
1 l
)
has order q2 in GL2(p), q
2 | (p+ 1).
Proof. We use the classification of groups of order p2q2 given in [19].
Let P and Q denote a Sylow p, q-subgroups of G respectively, with out loss of gener-
ality, we assume that p > q. By Sylow’s theorem, np(G) = 1, q, q
2. But np(G) = q is not
possible, since p > q. If np(G) = q
2, then p | (q + 1)(q − 1), this implies that p | (q + 1),
which is true only when (p, q) = (3, 2).
Case 1: (p, q) 6= (3, 2). Then G ∼= P ⋊Q.
Subcase 1a: If G ∼= Zp2 ⋊ Zq2 = 〈a, b|a
p2 = bq
2
= 1, bab−1 = ai, iq
2
≡ 1(mod p2)〉, then
we have H := 〈ap, b〉 ∼= Zp⋊Zq2 , so by (4.3), H together with its proper subgroups forms
K8 as a subgraph of I (G). Hence γ(I (G)) > 1 and γ(I (G)) > 1.
Intersection graph of subgroups 21
Subcase 1b: If G ∼= Zp2 ⋊ (Zq × Zq), then H1 := 〈a〉 = Zp2, H2 := 〈a
p〉, H3 := 〈a, c〉,
H4 := 〈a
p, b〉, H5 := 〈a, b〉, H6 := 〈a
p, c〉, H7 := 〈b, c〉 = Zq × Zq, H8 := 〈a
p, b, c〉 are
proper subgroups of G, where 〈a〉 = Zp2 and 〈b, c〉 = Zq × Zq. Here Hi, i = 3, . . ., 8
intersect with each other nontrivially; H2 is a subgroup of H1, H3, H4; H1 ∩ H4 = H2;
H1 is a subgroup of H3. It follows that I (G) has a subgraph A1 as shown in Figure 1,
so γ(I (G)) > 1 and γ(Γ(G)) > 1.
Subcase 1c: If G ∼= (Zp × Zp) ⋊ Zq2 := 〈a, b, c | a
p = bp = cq
2
= 1, ab = ba, cac−1 =
aibj , cbc−1 = akbl〉, where
(
i j
k l
)
has order q2 in GL2(p), q
2 | (p + 1). Then we have two
possibilities:
• Suppose G has a subgroups of order pq2 and pq, then H1 := 〈c〉 = Zq2 , H2 := 〈c
p〉,
H3 := 〈a, c〉, H4 := 〈b, c
p〉, H5 := 〈b, c〉, H6 := 〈a, c
p〉, H7 := 〈a, b〉 = Zp × Zp,
H8 := 〈a, b, c
p〉 are proper subgroups of G. Here Hi, i = 3, . . ., 8 intersect with
each other nontrivially; H2 is a subgroup of H1, H3, H4; H1 is a subgroup of H3;
H1 ∩ H4 = H2. It follows that I (G) has a subgraph A1 as shown in Figure 1, so
γ(I (G)) > 1, γ(I (G)) > 1.
• Suppose G has a no subgroups of order pq2 and pq, then by Theorem 2.5, I (G) is
planar and by (2.11), I (G) contains C3.
Subcase 1d: If G ∼= (Zp × Zp) ⋊ (Zq × Zq), then H1 := 〈a, b〉 = Zp × Zp, H2 := 〈a, c〉,
H3 := 〈a, d〉, H4 := 〈b, c〉, H5 := 〈a, b, c〉, H6 := 〈a, b, d〉, H7 := 〈a, c, d〉, H8 := 〈b, c, d〉 are
proper subgroups of G, where 〈a, b〉 := Zp ×Zp and 〈c, d〉 = Zq ×Zq. Here Hi, i = 1, . . .,
8 intersect with each other nontrivially. It follows that I (G) contains K8 as a subgraph
and hence γ(I (G)) > 1 and γ(I (G)) > 1.
Case 2: (p, q) = (3, 2). Up to isomorphism, there are nine groups of order 36. In the
following we consider each of these groups.
(i) G ∼= D18. Here H1 := 〈a〉, H2 := 〈a
2〉, H3 := 〈a
6〉, H4 := 〈a
6, b〉, H5 := 〈a
6, ba〉,
H6 := 〈a
6, ba2〉, H7 := 〈a
6, ba3〉, H8 := 〈a
6, ba4〉 are proper subgroups of G. Also H3
is a subgroup of Hi, i = 1, . . ., 8. It follows that I (G) contains K8 as a subgraph,
so γ(I (G)) > 1 and γ(I (G)) > 1.
(ii) G ∼= S3 × S3. Here H1 := S3 × {e}, H2 := S3 × 〈(123)〉, H3 := S3 × 〈(12)〉,
H4 := S3 × 〈(13)〉, H5 := S3 × 〈(23)〉, H6 := 〈(13)〉 × S3, H7 := 〈(123)〉 × S3,
H8 := 〈(12)〉 × S3 are proper subgroups of G. Also Hi, i = 1, . . ., 8 intersect with
each other nontrivially, it follows that I (G) contains K8 as a subgraph and so
γ(I (G)) > 1 and γ(I (G)) > 1.
(iii) G ∼= Z3 × A4. Here H1 := Z3 × {e}, H2 := Z3 × 〈(123)〉, H3 := Z3 × 〈(124)〉,
H4 := Z3×〈(134)〉, H5 := Z3×〈(234)〉, H6 := Z3×〈(12)(34)〉, H7 := Z3×〈(13)(24)〉,
H8 := Z3 × 〈(14)(23)〉 are proper subgroups of G. Also H1 is a subgroup of Hi,
i = 2, . . ., 8, it follows that I (G) contains K8 as a subgraph and so γ(I (G)) > 1
and γ(I (G)) > 1.
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(iv) G ∼= Z6 × S3. Here H1 := Z6 × 〈(123)〉, H2 := Z6 × 〈(12)〉, H3 := Z6 × 〈(13)〉,
H4 := Z6 × 〈(23)〉, H5 := Z3 × 〈(123)〉, H6 := Z3 × 〈(12)〉, H7 := Z3 × 〈(13)〉,
H8 := Z3 × 〈(23)〉 are proper subgroups of G. Also Hi, i = 1, . . ., 8 intersect with
each other nontrivially, it follows that I (G) contains K8 as a subgraph and hence
γ(I (G)) > 1 and γ(I (G)) > 1.
(v) G ∼= Z9⋊Z4 = 〈a, b | a
9 = b4 = 1, bab−1 = ai, i4 ≡ 1(mod 9)〉. Here H1 := 〈a〉, H2 :=
〈a, b2〉, H3 := 〈a
3〉, H4 := 〈a
3, b〉, H5 := 〈a
3, b2〉, H6 := 〈a
3, ab2〉, H7 := 〈a
3, a2b2〉,
H8 := 〈b〉 are proper subgroups of G. Also H3 is a subgroup of Hi, i = 1, . . ., 7; H8
intersect with H2, H4, H5 non-trivially. It follows that I (G) has a subgraph A1 as
shown in Figure 1, so γ(I (G)) > 1, γ(I (G)) > 1.
(vi) G ∼= Z3 × (Z3 ⋊ Z4) = 〈a, b, c | a
3 = b3 = c4 = 1, ab = ba, ac = ca, cbc−1 =
bi, ord2(i) = 3〉. Here H := Z3 ⋊ Z4 is a subgroup of G, and as in Case 1b, in the
proof of Theorem 4.2, H has a unique subgroup of order 2, let it be H1; Hi, i = 2,
3, 4 be subgroups of H of order 4; H5 be a subgroup of H of order 6; it follows that
H together with its proper subgroups forms K6 as a subgraph of I (H). Moreover
H6 := Z3 ×H1 and H7 := Z3 ×H2 are subgroups of G. Thus H1 is a subgroup of
H , Hi, i = 1, 2, 3, 4, 6, 7. It follows that G contains K8 as a subgraph, and so
γ(I (G)) > 1 and γ(I (G)) > 1.
(vii) G ∼= (Z3×Z3)⋊Z4 := 〈a, b, c | a
3 = b3 = c4 = 1, ab = ba, cac−1 = aibj , cbc−1 = akbl〉,
where
(
i j
k l
)
has order 4 in GL2(3). We already discussed the intersection graph of
subgroups of this group in Subcase 1c.
(viii) G ∼= Z2 × (Z3 × Z3) ⋊ Z2. Here H1 := 〈a, b, c〉, H2 := 〈a, b, d〉, H3 := 〈a, c, d〉,
H4 := 〈b, c, d〉, H5 := 〈a, b〉, H6 := 〈a, c〉, H7 := 〈a, d〉, H8 := 〈b, c〉 are proper
subgroups of G. Also these subgroups intersect with each other non-trivially. It
follows that I (G) contains K8 as a subgraph, so γ(I (G)) > 1 and γ(I (G)) > 1.
(ix) G ∼= (Z2 × Z2) ⋊ Z9. Here H1 := 〈a, b〉, H2 := 〈a, c〉, H3 := 〈a, c
3〉, H4 := 〈b, c〉,
H5 := 〈b, c
3〉, H6 := 〈a, b, c
3〉, H7 := 〈c〉, H8 := 〈c
3〉 are proper subgroups of G. Also
Hi, i = 1, . . ., 6 intersect with each other nontrivially; H7 is a subgroup of H8, H3,
H4; H1 intersect with H3, H4 non-trivially. It follows that I (G) has a subgraph
A1 as shown in Figure 1, so γ(I (G)) > 1 and γ(I (G)) > 1.
The proof follows by combining all the above cases.
Proposition 4.5. If G is a non-abelian group of order pαqβ, where p, q are distinct
primes and α, β ≥ 2, then γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5.
Proof. We prove the result by induction on α + β. If α + β = 5, then |G| = p3q2. Since
G is solvable, it has a normal subgroup N of prime index.
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Case 1: If [G : N ] = p, then |N | = p2q2. Suppose γ(I (N)) > 1, γ(I (N)) > 1 and
I (N) contains K5, then the same holds for I (G) also. So it is enough to consider
the cases when I (N) is one of planar, toroidal, projective-planar, K5-free, C3-free and
bipartite. By Propositions 3.1, 3.2, 4.4 and Theorem 2.5, N ∼= Zp2q2 or 〈a, b, c | a
p =
bp = cq
2
= 1, ab = ba, cac−1 = b−1, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q2 in GL2(p),
q2 | (p+1). If N ∼= Zp2q2 , then N together with its proper subgroups forms a subgraph in
I (G), which is isomorphic toA1 as shown in Figure 1 and so γ(I (G)) > 1, γ(I (G)) > 1.
If N is isomorphic to the second group, then N has unique subgroups of order p2 and
p2q, let them be H1, H2; also there are p+ 1 subgroups of order p, let them be Bi, i = 1,
2, . . ., p + 1. Here p > q. Suppose p ≥ 5, then I (G) contains K4,5 as a subgraph with
bipartition X := {P , H1, H2, N} and Y := {B1, B2, B3, B4, B5}, where P is a Sylow
p-subgroup of G containing H1 and H1 ∼= Zp × Zp. Here B1 is a subgroup of N , H1,
H2, P and so they form K5 as a subgraph of I (G). If p = 3, then P ∼= Zp2 × Zp, Mp3
or (Zp × Zp) ⋊ Zp. If P ∼= Zp2 × Zp or Mp3 , then by (3.5), (4.1), H1, H2 together with
the proper subgroups of H1 forms a subgraph of γ(I (G)), which is isomorphic to A1
shown in Figure 1, so γ(I (G)) > 1 and γ(I (G)) > 1. If P ∼= (Zp × Zp) ⋊ Zp, then by
Proposition 4.1, γ(I (G)) > 1 and γ(I (G)) > 1.
Case 2: If [G : N ] = q, then |N | = p3q. Suppose γ(I (N)) > 1, γ(I (N)) > 1 and I (N)
contains K5, then the same holds for I (G) also. So it is enough to consider the cases
when I (P ) is one of planar, toroidal, projective-planar, K5-free, C3-free and bipartite.
By Propositions 3.1, 3.2, 4.3 and Theorem 2.5, N ∼= Zp3q. Let Hi, i = 1, 2, 3, 4, 5, 6
be subgroups of N of order p, p2, p3, pq, p2q, q respectively. Let H be a subgroup of G
of order q2 such that H contains H6. By (3.2), N together with its proper subgroups
and H forms a subgraph in I (G), which is isomorphic to A1 as shown in Figure 1, so
γ(I (G)) > 1 and γ(I (G)) > 1.
Now we assume that the result is true for all non-abelian groups of order pmqn, where
m + n < α + β (m + n ≥ 5, m,n ≥ 2). We prove the result when α + β > 5. Since G
is solvable, G has a subgroup H of prime index, with out loss of generality, say q, and
so |H| = pαqβ−1. If H is cyclic, then H together with its proper subgroups forms K6
as a subgraph of I (G). Now let K be the subgroup of H of order qβ−1 and let Q be a
q-Sylow subgroup of G containing K. Also let Hi, i = 1, 2, 3 be subgroups of H of order
pq, p2q, p3q respectively. It follows that I (G) has a subgraph A1 as shown in Figure 1,
so γ(I (G)) > 1 and γ(I (G)) > 1.
If H is non-cyclic abelian, then by Proposition 3.2, γ(I (H)) > 1, γ(I (H)) > 1 and
I (H) contains K5 as a subgraph, so γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains
K5. If H is non-abelian, then we have the following cases to consider:
Case a: If β = 2, then α > 3. So by Proposition 4.1, γ(I (H)) > 1, γ(I (H)) > 1 and
I (H) contains K5 as a subgraph.
Case b: If β > 2, then by induction hypothesis, γ(I (H)) > 1, γ(I (H)) > 1 and I (H)
contains K5 as a subgraph.
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Case c: If α = 2, then β > 2. By Case b, γ(I (H)) > 1, γ(I (H)) > 1 and I (H)
contains K5 as a subgraph.
Case d: If α > 2, then by induction hypothesis, γ(I (H)) > 1, γ(I (H)) > 1 and I (H)
contains K5 as a subgraph.
It follows that γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5 as a subgraph.
Proposition 4.6. Let G be a non-abelian solvable group of order pqr, where p, q, r are
distinct primes, p > q > r. Then
(1) I (G) contains C3;
(2) I (G) is K5-free if and only if G ∼= 〈a, b, c | a
p = bq = cr = 1, b−1ab = aµ, c−1ac =
av, bc = cb〉, where r, q are divisor of (p− 1) and v, µ 6= 1;
(3) I (G) is non-toroidal and non-projective-planar;
Proof. By [11, p. 215], up to isomorphism there are four groups of order pqr. In the
following we deal with each of these groups.
Case a: If r ∤ (p− 1) and q ∤ (p− 1), then G ∼= Zpqr, which is not possible.
Case b: If r|(p− 1), r ∤ (q − 1) and q ∤ (p− 1), then G ∼= 〈a, b, c | ap = bq = cr = 1, ab =
ba, ac = ca, c−1bc = bv〉, v 6= 1. Here H1 := 〈a〉, H2 := 〈b〉, H3 := 〈a, b〉, H4 := 〈b, c〉,
I1 := 〈c〉, I2 := 〈bc〉, I3 := 〈b
2c〉,. . ., Iq := 〈b
q−1c〉, B1 := 〈a, c〉, B2 := 〈a, bc〉, . . .,
Bq := 〈a, b
q−1c〉 are the only subgroups of G. If q = 3, then r = 2, and so r divides
(q − 1), which is not possible.
If q ≥ 5, then Bi, i = 1 . . . , 5, H1 intersect with each other non-trivially; H2 is a
subgroup of H3, H4; H3 ∩Bi = H1. It follows that I (G) has a subgraph A1 as shown in
Figure 1, so γ(I (G)) > 1 and γ(I (G)) > 1.
Case c: If r|(p − 1), r ∤ (q − 1) and q ∤ (p − 1), then the group is different from the
group given in Case b only in the exchange the roles of a, b, so G ∼= 〈a, b, c | ap = bq =
cr = 1, ab = ba, bc = cb, c−1ac = aµ〉, µ 6= 1. Here H1 := 〈a〉, H2 := 〈b〉, H3 := 〈a, b〉,
H4 := 〈a, c〉, I1 := 〈c〉, I2 := 〈ac〉, I3 := 〈a
2c〉,. . ., Iq := 〈a
q−1c〉, B1 := 〈a, c〉, B2 := 〈b, ac〉,
. . ., Bq := 〈b, a
q−1c〉 are the only subgroups of G. Here also q = 3 not possible. If q ≥ 5,
then Bi, i = 1 to 5, H1 intersect with each other non-trivially; H2 is a subgroup ofH3, H4;
H3 ∩ Bi = H1. It follows that I (G) has a subgraph A1 as in Figure 1, so γ(I (G)) > 1
and γ(I (G)) > 1.
Case d: If r|(p − 1), r|(q − 1) and q ∤ (p − 1), then G ∼= 〈a, b, c | ap = bq = cr =
1, ab = ba, c−1ac = aµ, c−1bc = bv〉, v, µ 6= 1. Here H1 := 〈a〉, H2 := 〈a, b〉, H3 := 〈a, c〉,
H4 := 〈a, bc〉, H5 := 〈a, b
2c〉, H6 := 〈b, c〉, H7 := 〈b, ac〉, H8 := 〈b, a
2c〉, H9 := 〈b, a
4c〉,
H10 := 〈b, a
p−1c〉 are proper subgroups of G. Also H1 is a subgroup of Hi, i = 2, 3, 4, 5
and so they form K5 as a subgraph of I (G). 〈b〉 is a subgroup of Hi, i = 6, 7, 8, 9, 10,
so they form K5 as a subgraph of I (G). It follows that I (G) has a subgraph B1 as in
Figure 2, so γ(I (G)) > 1 and γ(I (G)) > 1.
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Case e: If q|(p− 1), then we have the group is of essentially the same form as Case 1b
and Case 1c. The elements c, a, b here playing the same role as a, b, c in Case 1b. The
toroidality and the projective-planarity of the intersection graphs of subgroups of this
group are as described in Case 1b and Case 1c.
Case f: If r|(p−1) and q|(p−1), then G ∼= 〈a, b, c | ap = bq = cr = 1, b−1ab = aµ, c−1ac =
av, bc = cb〉, v, µ 6= 1. By Theorem 2.5, I (G) is planar and by Figure 3(d), it contains
C3.
Combining together all the cases, the proof follows.
Proposition 4.7. Let G be a non-abelian solvable group of order p2qr, where p, q, r are
distinct primes. Then
(1) I (G) contains C3;
(2) I (G) is K5-free if and only if G ∼= 〈a, b, c | a
p = bp = cqr = 1, ab = ba, cac−1 =
b, cbc−1 = abl〉, where l is any integer with
(
0 −1
1 l
)
has order qr in GL2(p), qr|(p+1).
(3) I (G) is toroidal if and only if G ∼= 〈a, b, c | a5 = b5 = c6 = 1, ab = ba, cac−1 =
b, cbc−1 = abl〉, where l is any integer with
(
0 −1
1 l
)
has order 6 in GL2(5).
(4) I (G) is non projective-planar.
Proof. Since G is solvable and it has a Sylow basis {P,Q,R}, where P , Q, R denotes the
Sylow p,q,r-subgroups of G respectively. Then PQ, PR, QR are subgroups of G of order
p2q, p2r, qr respectively.
Case 1: A subgroup of G of index r is normal in G: With out loss of generality, we may
assume that PQ is normal in G.
Subcase 1a: Suppose P is normal in PQ, then by Theorem 2.6, P is normal in G .
Then two possibilities arise:
(i) P ∼= Zp2: Let H1 be the subgroup of P of order p. Then H1 is also normal in G.
Here H1R, H1Q, H1QR are subgroups of G. Also H1 is a subgroup of H1Q, H1R,
P , PQ, PR; QR intersect with PQ, PR, H1Q, H1QR non-trivially. It follows that
I (G) has a subgraph isomorphic to A1 as shown in Figure 1, so γ(I (G)) > 1 and
γ(Γ(G)) > 1.
(ii) P ∼= Zp × Zp: Then P has atleast three subgroups of order p, let them be Hi,
i = 1, 2, 3. Suppose γ(I (PQ)) > 1, γ(I (PQ)) > 1 and I (PQ) contains K5,
then the same holds for I (G) also. So it is enough to consider the cases when
I (PQ) is one of planar, toroidal, projective-planar, K5-free, C3-free and bipartite.
By Theorem 2.5, Propositions 3.2 and 4.2, the only possibilities for PQ such that
I (PQ) satisfying the above properties are Zpq × Zp or 〈a, b, c | a
p = bp = cq =
1, ab = ba, cac−1 = b, cbc−1 = a−1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p), q | (p+1).
By a similar argument, we can show that the only possibilities for PR are Zpr ×Zp
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or 〈a, b, c | ap = bp = cr = 1, ab = ba, cac−1 = b, cbc−1 = a−1bk〉, where
(
0 −1
1 k
)
has
order r in GL2(p), q | (p+ 1).
• Suppose either PQ or PR is isomorphic to the respective first group, with out
loss of generality, let us take PQ. Then PQ has at least three subgroups HiQ,
i = 1, 2, 3 of order pq. Here PQ, PR, QR, H1Q, H2Q, H3Q intersect with
each other non-trivially; H1 is a subgroup of PQ, PR, H1Q, P . It follows that
these eight subgroups forms a subgraph of I (G), which is isomorphic to A1
as shown in Figure 1. Therefore, γ(I (G)) > 1 and γ(I (G)) > 1.
• Now assume that PQ and PR are isomorphic to the respective second group.
Suppose that PQ is the only subgroup of order p2q, but the subgroup of
order p2r is not unique. If nr(G) = 1, then R is normal in G. Then H1Q,
H1R, H1QR are subgroups of G of order pq, pr, pqr respectively, where H1
is subgroup of P of order p. Here PQ, PR, P , H1Q, H1R, H1QR intersect
non-trivially; Q is a subgroup of PQ, H1Q, H1QR, QR. It follows that I (G)
has a subgraph isomorphic to A1 as shown in Figure 1. If nr(G) 6= 1, then
by Sylow’s theorem nr(G) = p, q, pq, p
2 or p2q. Here nr(G) = p, q, pq are
not possible, since G has at least 2p2 subgroups of order r. Assume that
nr(G) = p
2q. Then for q ≥ 5, G has at least four subgroups of order p2r,
let them be PR1, PR2, PR3, PR4. It follows that I (G) contains K5,4 as a
subgraph with bipartition X := {PQ, PR1, PR2, PR3, PR4} and Y := {P ,
H1, H2, H3}, so γ(I (G)) > 1, γ(I (G)) > 1, where Hi, i = 2, 3 are subgroups
of P of order p. Also PQ, P , H1, PR1, PR2 intersect non-trivially and so
they form K5 as a subgraph of I (G). If p > 2, q = 3, then G has at least
three subgroups of order p2r and so I (G) contains K5,4 as a subgraph with
bipartition X := {PQ, PR1, PR2, PR3, P} and Y := {H1, H2, H3, H4}, so
γ(I (G)) > 1, γ(I (G)) > 1, where H4 is a subgroup of P of order p. Also PQ,
P , H1, PR1, PR2 intersect non-trivially and so they form K5 as a subgraph of
I (G). If p = 2, q = 3, then nr(G) = 12, which implies r = 11. Thus we have
np(G) = 1, nq(G) = 4, nr(G) = 12, and this implies that G has subgroup QR
of order 33. Suppose QR is cyclic, then nq(G) = nr(G), which is not possible.
Suppose QR is non-cyclic, then G has at least 11 subgroups of order 3, which
is also not possible. If q = 2, p ≥ 5, then I (G) contains K5,4 as a subgraph
with bipartition X := {PQ, PR1, PR2, P} and Y := {H1, H2, H3, H4, H5},
so γ(I (G)) > 1, γ(I (G)) > 1, where Hi, i = 2, 3 of P of order p. Also PQ,
P , H1, PR1, PR2 intersect non-trivially and so they form K5 as a subgraph
of I (G). If q = 2, p = 3, then nr(G) = 18, which implies r = 17. Here
nr(G) = 18, nq(G) = 9 and by a similar argument as above, we can show that
such a group does not exist. If nr(G) = p
2, then G has a unique subgroup of
order p2r, which is a contradiction to our assumption.
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Suppose the subgroup of order p2q and p2r in G are not unique, then we
can use the previous argument to show γ(I (G)) > 1, γ(I (G)) > 1 and I (G)
contains K5.
Suppose the subgroup of order p2q and p2r in G are unique, then the
subgroup structure of G is as follows: G has unique subgroup of order p; G
has p + 1 subgroups of order p, let them be Hi, i = 1, 2, . . ., p + 1. Now PQ
has p2 subgroups of order q, say Qi, i = 1, . . ., p
2 and PR has p2 subgroups
of order r, say Ri, i = 1, . . ., p
2. Now we show that the subgroup of order qr
in G is not unique. If it is unique, then this subgroup is isomorphic to one of
Zqr, Zq ⋊Zr or Zr ⋊Zq. But in either case, G has a unique subgroup of order
either q or r, which is not possible.
Note that the normalizer in G of Q, NG(Q) is a subgroup of G of order qr.
Similarly consider R, then NG(R) is a subgroup of G of order qr. If NG(Q)
is non-abelian, then necessarily r < q. Likewise if NG(R) is non-abelian, then
necessarily q < r. As these inequalities cannot both be true, it follows that G
has an abelian (and hence cyclic) subgroup of order qr, and we may choose Q
and R so that NG(Q) = NG(R) = Q×R is this cyclic subgroup. It follows that
G has p2 subgroups of order qr, let them be Li, i = 1, . . . , p
2. This completes
the subgroup structure of G.
By the presentation of the subgroup of order p2q, an element c of order q acts
on the p-Sylow subgroup P via a matrix of determinant 1 which is not −1.
Hence q is not 2. Likewise r is not 2. So, Q×R is uniquely determined up to
conjugacy in GL2(p). Hence, G is uniquely determined up to isomorphism.
A presentation of this group G is 〈a, b, c | ap = bp = cqr = 1, ab =
ba, cac−1 = b, cbc−1 = abl〉, where l is an integer with
(
0 −1
1 l
)
has order qr
in GL2(p), qr | (p + 1). The structure of I (G) is shown in Figure 9. Note
that I (G) is K5-free. If p ≥ 7, then I (G) contains K3,7 as a subgraph
with bipartition X := {PQ, PR, P} and Y := {H1, H2, H3, H4, H5, H6, H7},
so γ(I (G)) > 1 and γ(I (G)) > 1. If p = 5, then I (G) is toroidal and
the corresponding toroidal embedding is shown in Figure 10. Moreover, I (G)
contains K3,5 as a subgraph with bipartition X := {PQ, PR, P} and Y :=
{H1, H2, H3, H4, H5}, so γ(I (G)) > 1. Since qr|(p + 1), so p ≤ 3 is not
possible.
Subcase 1b: Suppose P is non-normal in PQ, then Q is normal in PQ. So, by Theo-
rem 2.6(iii), Q is normal in G. Then H1Q, H1R, H1QR are subgroups of G of order pq,
pr, pqr respectively, where H1 is subgroup of P of order p. Here PQ, PR, P , H1Q, H1R,
H1QR intersect non-trivially; Q is a subgroup of PQ, H1Q, H1QR, QR. It follows that
I (G) has a subgraph isomorphic to A1 as shown in Figure 1.
Case 2: A subgroup of G of index q is normal in G: With out loss of generality, we may
Intersection graph of subgroups 28
b
b
b
b
b
b
b
b
b
b
b
b
b
P
H1
H2
Hp
Hp+1
PQ
PR
L1 Lp2
Q1 Qp2
R1 Rp2
Figure 9: The structure of I (G).
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Figure 10: An embedding of I (G) in the torus.
assume that, PR is normal in G. Here we can use a similar argument as in Subcase 1a,
by taking R instead of Q and end up with the same group which we have obtained in
Subcase 1a, whose intersection graph is toroidal, non-projective-planar and K5-free.
Case 3: A subgroup of G of index p is normal in G: With out loss of generality, we may
assume that, H1QR is normal in G, where H1 is a subgroup of P of order p. Then by
Theorem 2.6(iii), H1 is normal in G. So, H1Q, H1R, H1QR are subgroups of G. Here
PQ, PR, P , H1Q, H1R, H1QR intersect non-trivially; Q is a subgroup of PQ, H1Q,
H1QR, QR. It follows that I (G) has a subgraph isomorphic to A1 as shown in Figure 1.
Putting together all the cases, the result follows.
Proposition 4.8. Let G be a non-abelian solvable group of order p3qr, where p, q, r are
distinct primes. Then γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5.
Proof. Since G is solvable, so it has a Sylow basis {P,Q,R}, where p,Q,R are Sy-
low p, q, r-subgroup of G respectively. Then PQ, PR are subgroups of G. Suppose
γ(I (PQ)) > 1, γ(I (PQ)) > 1 and I (PQ) contains K5, then the same holds for I (G)
also. So it is enough to consider the cases when I (PQ) is one of planar, toroidal,
projective-planar, K5-free, C3-free and bipartite. By Theorem 2.5, Propositions 3.1, 3.2
and 4.3, PQ ∼= Zp3q. By a similar argument, we can show that the only possibility of
PR is Zp2r. Let H1, H2, H3, H4, H5 be subgroups of PQ of orders p, p
2, p3, pq, p2q
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respectively; H be a subgroup of PR of order p2r. Here H1 is a subgroup of H , PQ, PR,
Hi, i = 2 to 5. It follows that, these five subgroups intersect with each other non-trivially
and so I (G) contains K8 as a subgraph. Hence, γ(I (G)) > 1 and γ(I (G)) > 1.
Proposition 4.9. Let G be a non-abelian solvable group of order p2q2r, where p, q, r are
distinct primes. Then γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5.
Proof. Since G is a solvable group, it has subgroups of order p2r and q2r. Now we split
the proof in to the following cases:
Case 1: A subgroup of G of order either p2r or q2r is unique: Then G has a subgroup of
order either p2qr or pq2r, let it be H , and without loss of generality, we assume that |H| =
p2qr. Suppose γ(I (H)) > 1, γ(I (H)) > 1 and I (H) contains K5, then the same holds
for I (G) also. So it is enough to consider the cases when I (H) is one of planar, toroidal,
projective-planar, K5-free, C3-free and bipartite. By Theorem 2.5, Propositions 3.1, 3.2
and 4.7, H ∼= 〈a, b, c | ap = bp = cqr = 1, ab = ba, cac−1 = b, cbc−1 = abl〉, where
(
0 −1
1 l
)
has order qr in GL2(p), qr|(p+1). So by Figure 9, H together with its proper subgroups
forms K3,7 as a subgraph of I (G) and it contains K5 as a subgraph.
Case 2: Subgroups of G of order p2r, q2r are not unique:
Since G is a solvable group, so it has a subgroup, say N of prime index. Now we need to
consider the following subcases:
Subcase 2a: Let [G : N ] = p or q, without loss of generality, we assume that [G :
N ] = q, and so |N | = p2qr. Then by the argument mentioned in Case 1, γ(I (G)) > 1,
γ(I (G)) > 1 and I (G) contains K5 as a subgraph.
Subcase 2b: Let [G : N ] = r. Then |N | = p2q2. Suppose γ(I (N)) > 1, γ(I (N)) > 1
and I (N) contains K5, then the same holds for I (G) also. So it is enough to consider
the cases when I (N) is one of planar, toroidal, projective-planar, K5-free, C3-free and
bipartite. By Theorem 2.5, Propositions 3.1, 3.2 and 4.4, N ∼= Zp2q2 or 〈a, b, c | a
p = bp =
cq
2
= 1, ab = ba, cac−1 = b, cbc−1 = abl〉, where
(
0 −1
1 l
)
has order q2 in GL2(p), q
2|(p+ 1).
If N ∼= Zp2q2 , then N together with its proper subgroups forms a subgraph isomorphic to
A1 shown in Figure 1. Therefore, γ(I (G)) > 1 and γ(I (G)) > 1.
If N isomorphic to the second group, then it has a subgroup of order p2q, let it be I.
Suppose G has unique subgroup of order p2r, then G has a subgroup of order p2qr, let it
be H . Suppose γ(I (H)) > 1, γ(I (H)) > 1 and I (H) contains K5, then the same holds
for I (G) also. So it is enough to consider the cases when I (H) is one of planar, toroidal,
projective-planar, K5-free, C3-free and bipartite. By Theorem 2.5, Propositions 3.1, 3.2
and 4.7, H ∼= 〈a, b, c | ap = bp = cqr = 1, ab = ba, cac−1 = b−1, cbc−1 = abl〉, where
(
0 −1
1 l
)
has order qr in GL2(p), qr|(p + 1). By Figure 9, H together with its subgroups forms
K3,7 as a subgraph of I (G) and it contains K5. Suppose the subgroup of order p
2r is
not unique, then G has at least two subgroups of order p2r, let them be PR1, PR2. Let
L1 be a subgroup of Q of order q. Here H1 is a subgroup of P , PR1, PR2, N ; L1 is
a subgroup of Q, N , I, QR. It follows that I (G) has a subgraph isomorphic to B2 as
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shown in Figure 1. Therefore, γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5 as a
subgraph.
Proof follows by combining all the cases together.
Proposition 4.10. Let G be a non-abelian solvable group of order pαqβrδ, where p, q,
r are distinct primes and α + β + δ = 6. Then γ(I (G)) > 1, γ(I (G)) > 1 and I (G)
contains K5.
Proof. Here |G| = p4qr, p3q2r or p2q2r2. First let us assume that |G| is either p4qr or
p3q2r. Since G is solvable, it has a subgroup of order either p4q or p3q2 respectively, let it
be H . Suppose γ(I (H)) > 1, γ(I (H)) > 1 and I (H) contains K5, then the same holds
for I (G) also. So it is enough to consider the cases when I (H) is one of planar, toroidal,
projective-planar, K5-free, C3-free and bipartite. By Theorem 2.5, Propositions 3.1, 3.2,
4.3 and 4.5, we have H ∼= Zp4q. Here H together with its proper subgroups forms K8, so
γ(I (G)) > 1 and γ(I (G)) > 1.
If |G| = p2q2r2, then G has a normal subgroup N with prime index, without loss of
generality, say r. Since |N | = p2q2r, and so by Theorem 2.5, Propositions 3.1, 3.2 and
4.9, γ(I (N)) > 1, γ(I (N)) > 1 and I (N) contains K5. Therefore, the same holds for
I (G) also. Hence γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5 as a subgraph.
This completes the proof.
Proposition 4.11. Let G be a non-abelian solvable group of order pαqβrδ, where p, q,
r are distinct primes and α + β + δ ≥ 7. Then γ(I (G)) > 1, γ(I (G)) > 1 and I (G)
contains K5.
Proof. Without loss of generality, we assume that α ≥ β ≥ δ. Since G is solvable, G
has a Sylow basis containing P , Q, R, where P , Q, R are Sylow p, q, r-subgroups of G
respectively and so PQ is a subgroup of G. By Theorem 2.5, Propositions 3.1, 3.2, 4.3
and 4.5, γ(I (PQ)) > 1, γ(I (PQ)) > 1, I (PQ) contains K5, and so γ(I (G)) > 1,
γ(I (G)) > 1 and I (G) contains K5 as a subgraph.
Proposition 4.12. If G is a solvable group, whose order has more than three distinct
prime factors, then γ(I (G)) > 1, γ(I (G)) > 1 and I (G) contains K5.
Proof. Since G is solvable, it has a Sylow basis containing P , Q, R, S, where P , Q, R,
S are Sylow p, q, r, s-subgroups of G respectively. Then P , PQ, PR, PS, PQR, PQS,
PRS, QRS are subgroups ofG. Here P is a subgroup of PQ, PR, PS, PQR, PQS, PRS;
QRS, PR, PS, PQR, PQS, PRS, QRS intersect with each other nontrivially. It follows
that I (G) has a subgraph A1 as shown in Figure 1, so γ(I (G)) > 1, γ(I (G)) > 1 and
I (G) contains K5.
4.2 Finite non-solvable groups
If G is a group and N is a normal subgroups of G, then I (G/N) is isomorphic (as a
graph) to a subgraph of I (G). It is well known that any non-solvable group has a simple
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group as a sub-quotient and every simple group has a minimal simple group as a sub-
quotient. Therefore, if we can show that the minimal simple groups have non-toroidal
(non-projective-planar) intersection graphs, then the intersection graph of a non-solvable
group is non-toroidal (resp., non-projective-planar).
Recall that SLm(n) is the group ofm×mmatrices having determinant 1, whose entries
are lie in a field with n elements and that Lm(n) = SLm(n)/H , where H = {kI|k
m = 1}.
For any prime q > 3, the Suzuki group is denoted by Sz(2q)
Lemma 4.1. If n > 2, then γ(I (D4n)) > 1, γ(I (D4n)) > 1 and I (G) contains K5.
Proof. Here H1 := 〈a〉, H2 := 〈a
n, b〉, H3 := 〈a
n, ba〉, H4 := 〈a
n, ba2〉, H5 := 〈a
n〉,
H6 := 〈a
2n, b〉, H7 := 〈a
2n, ba〉, H8 := 〈a
2n, ba2〉, H9 := 〈a
2n, ba3〉, H10 := 〈a
2n〉 are proper
subgroups of D4n. Also H5 is a subgroup of Hi, i = 1, 2, 3, 4; H10 is a subgroup of
Hi, i = 6, 7, 8, 9. It follows that I (D4n) has a subgraph A1 as shown in Figure 1, so
γ(I (D4n)) > 1, γ(I (D4n)) > 1.
Proposition 4.13. If G is a finite non-solvable group, then γ(I (G)) > 1, γ(I (G)) > 1
and I (G) contains K5.
Proof. The classification of minimal simple groups is given in [28, Corollary 1]. As men-
tioned above, to prove the result, it is enough to show that these minimal simple groups
are non-toroidal, not projective-planar and contains K5. Now we investigate each of these
groups. Her we will denote the image of a matrix A in Lm(n) by A.
Case 1: G ∼= L2(q
p), where q = 2, 3 and p is any prime. If p = 2, then the only
non-solvable group is L2(4). Also L2(4) ∼= A5 (see [5]). A5 has five copies of A4 and
any two A4 in A5 have non-trivial intersection, for otherwise |A4A4| = 144, which is
not possible. Also H1 := 〈(12, 34)〉, H2 := 〈(12, 34), (13, 24)〉, H3 := 〈(12, 34), (12354)〉,
H4 := 〈(12, 34), (12453)〉, H5 := 〈(12, 34), (345)〉 are proper subgroups of A5. Here H1 is
a subgroup of Hi, for every i = 1, 2, 3, 4. It follows that I (A5) has a subgraph B1 as in
Figure 2, so γ(I (G)) > 1 and γ(I (G)) > 1.
If p > 2, then L2(q
p) contains a subgroup isomorphic to (Zq)
p, namely the subgroup
of matrices of the form
(
1 a
0 1
)
with a ∈ Fqp. By Proposition 3.2, γ(I ((Zq)
p)) > 1, and
γ(I ((Zq)
p)) > 1, p > 2 and I ((Zq)
p) contains K5.
Case 2: G ∼= L3(3). In SL3(3) the only matrix in the subgroup H is the identity matrix,
so L3(3) ∼= SL3(3). Let us consider the subgroup consisting of matrices of the form(
1 a b
0 1 c
0 0 1
)
with a, b, c ∈ F3. This subgroup is isomorphic to the group (Zp × Zp)⋊ Zp with
p = 3. By Proposition 4.1, γ(I ((Zp × Zp) ⋊ Zp)) > 1, γ(I ((Zp × Zp) ⋊ Zp)) > 1 and
I ((Zp × Zp)⋊ Zp) contains K5.
Case 3: G ∼= L2(p), where p is any prime exceeding 3 such that p
2 +1 ≡ 0 (mod 5). We
have to consider two subcases:
Subcase 3a: p ≡ 1 (mod 4). It is shown in [6, p. 222] that L2(p) has a subgroup
isomorphic to Dp−1. So by Lemma 4.1, γ(I (Dp−1)) > 1, γ(I (Dp−1)) > 1 and I (Dp−1)
contains K5.
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If p = 5, then L2(5) ∼= A5 ∼= L2(4). By Case 1, γ(I (A5)) > 1, γ(I (A5)) > 1 and
I (A5) contains K5.
Subcase 3b: p ≡ 3 (mod 4). L2(p) has a subgroup isomorphic to Dp+1[6, p. 222]. By
Lemma 4.1, γ(I (Dp+1)) > 1, γ(I (Dp+1)) > 1 and I (Dp+1) contains K5. If p = 7, then
S4 is a maximal subgroup of L2(7)[5]. Also by Theorem 4.3, γ(I (S4)) > 1, γ(I (S4)) > 1
and I (S4) contains K5.
Case 4: G ∼= Sz(2q), where q is any odd prime. Then Sz(2q) has a subgroup isomorphic
to (Z2)
q, q ≥ 3 [14, p. 466]. But by Proposition 3.2, γ(I ((Z2)
q)) > 1, γ(I ((Z2)
q)) > 1,
q ≥ 3 and I ((Z2)
q) contains K5.
Combining all these cases together, the proof follows.
5 Main results
By combining all the results obtained in Sections 3 and 4 above, we have the following
general main results, which classifies the finite groups whose intersection graphs of sub-
groups are toroidal or projective-planar, and classifies the finite non-cyclic groups whose
intersection graphs of subgroups are one of K5 free, C3-free, acyclic or bipartite.
Theorem 5.1. Let G be a finite group and p, q, r be distinct primes. Then
(1) I (G) is toroidal if and only if G is isomorphic to one of the following:
(a) Zpα(α = 6, 7, 8), Zpαq(α = 3, 4), Zp2q2, Zp2qr, Z9 × Z3, Z25 × Z5, Z3q × Z3,
Mp3(p = 3, 5), M16, Z3 ⋊ Z4, Z5 ⋊ Z4, Z9 ⋊ Z2, Z25 ⋊ Z2;
(b) 〈a, b, c | a5 = b5 = c6 = 1, ab = ba, cac−1 = b, cbc−1 = abl〉, where
(
0 −1
1 l
)
has
order 6 in GL2(5).
(2) I (G) is projective-planar if and only if G is isomorphic to one of Zpα(α = 6, 7),
Zp3q, Z9 × Z3, Z3q × Z3, M27, Z3 ⋊ Z4, Z9 ⋊ Z2.
Theorem 5.2. Let G be a finite non-cyclic group and p, q, r be distinct primes. Then
(1) I (G) is K5-free if and only if G is isomorphic to one of the following groups:
(a) Zp × Zp, Z4 × Z2, Z6 × Z2, Q8, M8, Zq ⋊ Zp, Zq ⋊2 Zp2, A4;
(b) 〈a, b, c | ap = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has
order q in GL2(p), q|(p+ 1);
(c) 〈a, b, c | ap = bp = cq
2
= 1, ab = ba, cac−1 = b−1, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has
order q2 in GL2(p), q
2|(p+ 1);
(d) 〈a, b, c | ap = bq = cr = 1, b−1ab = aµ, c−1ac = av, bc = cb〉, where r, q are divisor
of p and v, µ 6= 1;
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(e) 〈a, b, c | ap = bp = cqr = 1, ab = ba, cac−1 = b, cbc−1 = abl〉, where
(
0 −1
1 l
)
has
order qr in GL2(p), qr|(p+ 1).
(2) The following are equivalent:
(a) G is isomorphic to one of the following: Zpα(α = 2, 3), Zpq, Zp × Zp, Zq ⋊ Zp,
A4 or 〈a, b, c | a
p = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p), q|(p+ 1);
(b) I (G) is C3-free;
(c) I (G) is acyclic;
(d) I (G) is bipartite.
Corollary 5.1. Let G be a finite group and p, q, r are distinct primes. Then
(1) I (G) is unicyclic if and only if G is either Zp4 or Zp2q;
(2) I (G) ∼= Cn if and only if n = 3 and G ∼= Zp4;
(3) I (G) ∼= Pn if and only if n = 1 and G ∼= Zp3;
(4) I (G) is C5-free if and only if G is one of Zpα(α = 2, 3, 4, 5), Zpαq(α = 1, 2), Zp×Zp,
Z4 × Z2, Q8, Zq ⋊ Zp, Zq ⋊2 Zp2, A4, 〈a, b, c | a
p = bp = cq = 1, ab = ba, cac−1 =
b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p), q | (p+1) or 〈a, b, c | a
p = bp =
cq
2
= 1, ab = ba, cac−1 = b−1, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q2 in GL2(p),
q2|(p+ 1);
(5) I (G) is C4-free if and only if G is one of Zpα(α = 2, 3, 4), Zpαq(α = 1, 2), Zp × Zp,
Zq ⋊Zp, Zq ⋊2 Zp2, A4 or 〈a, b, c | a
p = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a1bl〉,
where
(
0 −1
1 l
)
has order q in GL2(p), q|(p+ 1);
(6) I (G) is P4-free if and only if G is one of Zpα(α = 2, 3, 4, 5), Zpαq(α = 1, 2), Q8,
Zp×Zp, Zq⋊Zp or 〈a, b, c | a
p = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a1bl〉, where(
0 −1
1 l
)
has order q in GL2(p), q|(p+ 1) or A4;
(7) I (G) is P3-free if and only if G is one of Zpα(α = 2, 3, 4), Zpq, Zp × Zp, Zq ⋊ Zp,
A4 or 〈a, b, c | a
p = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has
order q in GL2(p), q|(p+ 1);
(8) I (G) is P2-free if and only if G is one of Zpα(α = 2, 3), Zpq, Zp × Zp or Zq ⋊ Zp;
(9) I (G) is totally disconnected if and only if G is isomorphic to one of Zp2, Zpq, Zp×Zp
or Zq ⋊ Zp;
(10) I (G) is K2,3-free if and only if G is one of Zpα(α = 2, 3, 4, 5), Zpαq(α = 1, 2), Zpqr,
Zp × Zp, Z4 × Z2, Q8, Zq ⋊ Zp, Zq ⋊2 Zp2, A4 or 〈a, b, c | a
p = bp = cq = 1, ab =
ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p), q|(p+ 1);
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(11) I (G) is K4-free if and only if G is one of Zpα(α = 2, 3, 4), Zpαq(α = 1, 2), Zpqr,
Zp × Zp, Zq ⋊2 Zp, Zq ⋊ Zp2, A4 or 〈a, b, c | a
p = bp = cq = 1, ab = ba, cac−1 =
b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q in GL2(p), q|(p+ 1) ;
(12) I (G) is K1,4-free if and only if G is one of Zpα(α = 2, 3, 4, 5), Zpαq(α = 1, 2), Zp×Zp,
Q8, Zq ⋊ Zp or A4;
(13) I (G) is claw-free if and only if G is one of Zpα(α = 2, 3, 4), Zpq, Zp×Zp or Zq⋊Zp;
(14) The following are equivalent:
(a) G ∼= Zpα(α = 2, 3);
(b) I (G) is a tree;
(c) I (G) is a star graph;
(d) I (G) is complete bipartite.
(15) girth(I (G)) is ∞, if G is one of Zpα(α = 2, 3), Zpq, Zp × Zp, Zq ⋊ Zp, A4 or
〈a, b, c | ap = bp = cq = 1, ab = ba, cac−1 = b, cbc−1 = a1bl〉, where
(
0 −1
1 l
)
has order q
in GL2(p), q|(p+ 1); otherwise girth(I (G)) = 3.
Proof. Note that if the intersection graph of subgroups of a group has K5 as a subgraph,
then it is none of the following graphs: unicyclic, cycle, path, claw-free, C5-free, C4-
free, P4-free, P3-free, P2-free, totally disconnected, K2,3-free, K4-free, K1,4-free. So to
classify the finite groups whose intersection graph of subgroups is one of outerplanar,
unicyclic, claw-free, path, cycle, C4-free, C5-free, totally disconnected, P2-free, P3-free,
P4-free, K1,4-free, K2,3-free, it is enough to consider the finite groups whose intersection
graph of subgroups are K5-free. Thus, we need to investigate these properties only for
groups given in Theorems 2.4(2) and 5.2(1).
By Theorem 2.4(2) and using (2.1), (2.3), the only groups G such that I (G) is unicyclic
are Zp4 and Zp2q. By Theorem 5.2(1) and using (2.4)-(2.11), Figure 3(b), 3(c), 3(d),
Figure 10, there is no group G such that I (G) is unicyclic. Thus, the proof of (1)
follows.
Proof of parts (2) to (14) of this Corollary are similar to the proof of part (1).
If I (G) contains C3, then obviously girth(G) = 3. Now assume that I (G) is C3-free.
If G is cyclic, then by Theorem 2.4(4), I (G) is acyclic, since I (Zpα) ∼= Kpα−1(α = 2, 3)
and I (Zpq) ∼= K2. If G is non-cyclic, then by Theorem 5.2(2), I (G) is also acyclic. So
in both these cases girth(G) =∞. This completes the proof.
Remark 5.1. (i) In Theorem 5.1, we show that all the projective-planar intersection
graphs of subgroups of groups are toroidal, which is not the case for arbitrary graphs
(e.g., see pp. 367-368 and Figure 13.33 in [17]).
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(ii) In [22], Selcuk Kayacan et al. showed that the intersection graph of subgroups
of groups other than those listed in Theorem 2.5, the group G2 given in Case 1b
in the proof of Proposition 4.2, and the group of order p2qr given in part (2) of
Proposition 4.6 contains K5 as a subgraph. Also they showed that the intersection
graph of subgroups of these two groups contains K3,3 as a subgraph. In this paper,
we proved by using another method that the intersection graph of subgroups of the
first group contains K5 as a subgraph, but not the second group. Thus it follows
that the class of all groups having K5-free intersection graph of subgroups properly
contains the class of all groups having planar intersection graph of subgroups.
(iii) In [1] Akbari et al. classified all groups whose intersection graphs of subgroups
are one of C3-free, tree, totally disconnected. Also they obtained the girth of the
intersection graph of groups. In this paper, we proved these results for finite groups
in a different method.
In the next result we characterize some finite groups by using their intersection graph
of subgroups.
Corollary 5.2. Let G be a group and p, q, r are distinct primes. Then
(1) I (G) ∼= I (M8) if and only if G ∼= M8.
(2) I (G) ∼= I (Zq ⋊2 Zp2) if and only if G ∼= Zq ⋊2 Zp2;
(3) I (G) ∼= I (G1) if and only if G ∼= G1, where G1 is the group described in Theorem 2.5.
(4) I (G) ∼= I (A4) if and only if G ∼= A4;
(5) I (G) ∼= I (G3) if and only if G ∼= G2, where G2 is the group described in Theorem 2.5;
(6) I (G) ∼= I (G2) if and only if G ∼= G3, where G3 is the group described in Theorem 2.5;
(7) I (G) ∼= I (G1) if and only if G ∼= G1, where G1 is the group of order p
2qr described
in Theorem 5.2(1).
Proof. (1)-(7): By Theorem 5.2(1), we can see that the groups mentioned in this Corollary
are having K5-free intersection graph of subgroups. Also by (2.4)-(2.11), Figure 3(b)-(d),
Figure 10, the intersection graphs of subgroups of these groups are unique. Since an
infinite group has infinite number of subgroups, so its intersection graph of subgroups
can not be isomorphic to any of the intersection graphs of subgroups of these groups. If
the intersection graph of a given finite group is isomorphic to any of these intersection
graphs of subgroups of these groups, then by the uniqueness of these graphs, the given
group must be isomorphic to that corresponding group. Proof of the result follows from
this fact.
Intersection graph of subgroups 36
Theorem 5.3. Let G be a group. Then θ(I (G)) = m, where m is the number of prime
order subgroups of groups of G.
Proof. Let G be finite and |G| = pα11 p
α2
2 . . . p
αk
k , where pi’s are distinct primes, and αi ≥ 1.
For each i = 1, 2, . . ., k, let ti be the number of subgroups of order pi and let H(j, pi),
j = 1, 2, . . ., ti be a subgroup of G of order pi. For each j = 1, 2, . . ., ti, let S(j, pi) be
the set of all subgroups of G having H(j, pi) in common. Clearly S(j, pi) forms a clique
in I (G) and S := {S(j, pi) | i = 1, 2, . . ., k and j = 1, 2, . . ., ti} forms a clique cover
of I (G) with |S| = t1 + t2 + . . . + tk. Therefore, Θ(I (G)) ≤ |S|. Let T be a clique
cover of I (G) such that Θ(I (G)) = |T |. If |T | < |S|, then by pigeonhole principle, T
has a clique which contains atleast two subgroups, say H(j, pi), H(l, pr), for some i 6= r,
j ∈ {1, 2, . . ., ti}, l ∈ {1, 2, . . ., tr}, which is not possible, since H(j, pi) and H(l, pr) are
not adjacent in I (G). So |T | = |S| = the number of prime order subgroups of G. A
similar argument also works when G is infinite.
Zelinka shown in [31] that for any group G, α((G)) = m, where m is the number
of prime order proper subgroups of G. This fact together with Theorem 5.3 gives the
following result.
Corollary 5.3. If G is a group, then I (G) is weakly α-perfect.
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